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Presentation of the problem
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1D Case Waveguide case 2D case 
Simple scattering

2D case
Multiple scattering
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The case of a localized defect in the plane 

⌦i⌦e

Periodic medium. 

Perturbation 
Source terms.

The reference cell      is the unit square. CAssumption : 

C
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The case of a localized defect in the plane 

⌦e

⌦i is a square made of                cells.N ⇥NThe reference cell      is the unit square. CAssumption : 

For the simplicity of the presentation, we shall assume that N = 1.
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The case of a localized defect in the plane 
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The case of a localized defect in the plane 
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Can we build an operator : ' �! ue
"(')|@⌦H ?

is the restriction to        of T " '|⌃0 TH
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we need to build four such extension operators Ej
"

    These operators satisfy coupled equations

These equations can be decoupled with symmetries
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Double symmetry and consequences

A subset       of        , with barycenter at the origin, will be called doubly symmetric if 
it is invariant by the two symmetries       and         with respect to             and    

O R2

y = x y = �xS1 S2

A function                        is doubly symmetric if and only if   f : O �! C

8 x 2 O, f(S1x) = f(S2x) = f(x)

D2

D1D1

D2

Assumption :  the function                                     is doubly symmetric.         ⇢per(x) : C �! R+

Symmetries and consequences
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Double symmetry and consequences

A vector space            of functions from       into       can be decomposed as :        

V (O) = Vss(O)� Vsa(O)� Vas(O)� Vss(O)

V (O) O C

where by definition

Vss(O) =
�
v 2 V (O) / v(x) = v(S1x) = v(S2x)

 

Vsa(O) =
�
v 2 V (O) / v(x) = v(S1x) = �v(S2x)

 

Vas(O) =
�
v 2 V (O) / v(x) = � v(S1x) = v(S2x)

 

Vaa(O) =
�
v 2 V (O) / v(x) = � v(S1x) = � v(S2x)
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Symmetries and consequences
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Double symmetry and consequences

A vector space            of functions from       into       can be decomposed as :        

V (O) = Vss(O)� Vsa(O)� Vas(O)� Vss(O)

V (O) O C

with projectors

⇧ssv(x) =
1

4

n

v(x) + v(S1x) + v(S2x) + v(S1S2x)
o

⇧asv(x) =
1

4

n

v(x)� v(S1x) + v(S2x)� v(S1S2x)
o

⇧aav(x) =
1

4

n

v(x)� v(S1x)� v(S2x) + v(S1S2x)
o

⇧sav(x) =
1

4

n

v(x) + v(S1x)� v(S2x)� v(S1S2x)
o

Symmetries and consequences
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Double symmetry and consequences

' 2 H
1
2
pq(@⌦i) =) ue

"(') 2 H1
pq(�;⌦e) @nu

e
"(') 2 H

� 1
2

pq (@⌦i)=)

This property results from the fact that the Laplace operator and the multiplication by
the doubly symmetric function          commute with the maps u �! u � Sj , j = 1, 2⇢per

 As a consequence T "  maps H
1
2
pq(@⌦i)  into H

� 1
2

pq (@⌦i)⇢
⇣
H
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2
pq(@⌦i)
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T ss
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T sa
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T as
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T aa
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0

0

00
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T pq
" We are reduced to determine each         ,                            .(p, q) 2 {a, s}2

(p, q) 2 {a, s}2For any 

 In the sequel                          .(p, q) = (s, s)

Symmetries and consequences
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Factorization of the operator T ss
"
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The case of a localized defect in the plane 
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T ss
" = �⇤

ss � �TH
" � Ess

"

T pq
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" � Epq

"
For other symmetries (p, q) 2 {a, s}2
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A method for the construction of Ess
"

⌃0

Ess
" 2 L0 ⇢ L

�
H

1
2
ss(@⌦i), H

1
2 (@⌦H)

�

L 2 L0 () 8', L' = ' on ⌃0

�+

��

⌃+

⌃�

ue
" = ' ⌦+

�+ ⌘ ⌃+ �� ⌘ ⌃�

@⌦H = �� [ ⌃0 [ �+

@⌦+ = ⌃� [ ⌃0 [ ⌃+
⌘

u"(') = uH
" (Ess

" ')



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 16

A method for the construction of Ess
"

Let us introduce a new operator
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A method for the construction of Ess
"
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The operator         is characterized as the unique solution of the problem

Theorem : Characterization of        

where

Ess
✏

Ess
"

We have to solve a linear equation

L0 =

�
L 2 L

�
H

1
2
ss(@⌦i), H

1
2
(@⌦H)

�
/ 8 ', L' = ' on ⌃0

 
L|⌃0 = Id

with an affine constrain

Find                 satisfyingE 2 L0 Dss
" � E = E

Proof : we only need to prove the uniqueness of the solution

A method for the construction of Ess
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