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The case of a localized defect in the plane

Perturbation
Source terms.

Assumption : The reference cell C' 1s the unit square.
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The case of a localized defect in the plane

Assumption : The reference cell C' is the unit square. €2; 1s a square made of N X N cells.

For the simplicity of the presentation, we shall assume that NV = 1.

Sonia Fliss = Exact boundary conditions, Wave propagation and Periodic media



The case of a localized defect in the plane

T, p:= —0hul(p)|aq, T, : H%(aﬂ@) — H_%(ﬁﬂi)
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The case of a localized defect in the plane

IENSS——— ——
T. s, is the restriction to X of T (us(p)loay )

Can we build an operator : © — uz(®)|oay ?

we need to build four such extension operators Eg

These operators satisfy coupled equations
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Symmetries and consequences

Double symmetry and consequences

A subset O of R* | with barycenter at the origin, will be called doubly symmetric if
it 1s invariant by the two symmetries S; and Sy withrespectto ¥y = and ¥y = —@

D1 Dl

D,

A function f:(©® — C 1s doubly symmetric if and only if

Vxe O, [(5x)=[f(5x%)=[(x)

Assumption : the function pper(x): C — R* is doubly symmetric.
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Symmetries and consequences @nwj

Double symmetry and consequences

A vector space V() of functions from O into C can be decomposed as :
V(0) = Vis(0) @ Vi (0) @ Vs (O) & Vi (0)

where by definition
Ves(0) = {v € V(0) / v(x) = v(S1x) = v(52%) |
Via(0) = {v € V(0) / v(x) = v(S1x) = —v(52x) }
Vas(0) = {v € V(0) / v(x) = —v(51%) = v(S2%) |

Vaa(0) = {v € V(0) / v(x) = — v(81%) = — v(82x) }
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Symmetries and consequences @nwj

Double symmetry and consequences

A vector space V' (O) of functions from  into C can be decomposed as :
V(O) — %S(O) D %a(o) D Vas(o) D Vtss((/))

with projectors

M..0(x) = i{v( )+ 0(S1%) + 0(S2) + 05152
I,.0(x) = i{v( ) — 0(S1%) + 0(S2%) — v($152)
M., 0(x) = i{v( )+ 0(S1%) — 0(S2%) — v($152)
I, 0(x) = i{v( ) — 0(S1%) — 0(S2%) + v(S152x) }
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Symmetries and consequences @m@ I

Double symmetry and consequences  For any (p, q) € {a, s}*

pe HZ(00) — ul(e) € Hy(AiQ) = 0,ul(p) € Hpg® ()

This property results from the fact that the [Laplace operator and the multiplication by
the doubly symmetric function Pper commute with the maps v — woS;, 7 =1,2

_1 1 !
As a consequence 7', maps Héq(é?ﬁi) into Hpq” (0€);) C (Hﬁq(aﬂi))

71 0| 0| 0
o |T*l o | o
T, =
0|0 |T%| 0
0|0 | 0|12

We are reduced to determine each 777 , (p,q) € {a,s}*. | In the sequel (p,q) = (s,5) .

Sonia Fliss

Exact boundary conditions, Wave propagation and Periodic media




Factorization of the operator 7-°

0€2; 20

For ¢ € HS%S((‘?Qi) , knowing ¢ on 0f); is equivalent to knowing ¢ on 2.

HS%S({)QZ-) is isomorphic to H %(820)

1 X

H2,(09;) > H2 (%)
1 X:s 1
HE (@Qz) < H=2 (820)
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The case of a localized defect in the plane

ug(¢) |3QH

E?%% : goeHgS(aQ) — us(©)|oa e Hz ()

T —pa B

For other symmetries TP = x5, o xTH o EP4 (p,q) € {a, s}
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A method for the construction of F_°

B2 € Lo C L(HA(09:), H? (092))

LeLy < Vo, Lo=pon X

o0 =T-uX,ur™
I
Nt =Y"uUX,uxt

™ =3r ' ="

ue(i0) = ug (E°)

Sonia Fliss = Exact boundary conditions, Wave propagation and Periodic media



A method for the construction of F_°

Let us introduce a new operator

D € L(HZ(02%), H (90))
_» D

Dy = ul (¥)|pq+

Dgsw‘zo — 2Mzo

D:S c Ly
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A method for the construction of F_°

B2 € Lo C L(HA(09:), H? (092))

LeLly < Vo, Lo=pon X

oONT =" UXuxt
Il
oNH =T~ uUXyurl™

=3t I' =>"

ug(p)lr+ = ui(p)ls+ us(p)lr- = ui(p)|s-
. e
Elp E’p

D (E2y) = By

S

ue(ip) = uz (EZp)
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A method for the construction of £Z°

Theorem : Characterization of EZ°

The operator E7° is characterized as the unique solution of the problem
Find FE € Ly satistying Do Bl = E

where Lo ={L ¢ E(Hés(ﬁﬂi),ﬂé(ﬁﬂﬂ)) / Yo, Lo =pon X} Lis, = 1d

We have to solve a linear equation with an affine constrain

Proof : we only need to prove the uniqueness of the solution

D¥oE=F and E€L, — E=0

Z(;: {LEﬁ(Hs%s((?Qi),H%(é‘QH)) / Vo, Ly =0o0n X }

Vo e H2(89;), D¥*oEp=FEp and Ee€Ly = Ep=0

V€ H2(0y) /¢ =0 on X D% =1) = =0
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