
Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 19

Ess
"

The uniqueness result

Dss
"  =  =)  = 0

?
 |⌃0 = 0Let                              such that       2 H

1
2 (@⌦H)

⌦1 ⌦1 ⌘ ⌦H



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 20

Ess
"

⌦1

u1 =  

u1 =  

Ess
"

⌦2

u2 =  

u2 =  

u1 := uH
" ( ) in ⌦1

u2 := u1 � S1 in ⌦2

The uniqueness result

 |⌃0 = 0Let                              such that       2 H
1
2 (@⌦H)

u1 =  

u1 =  

u1 = 0



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 21

Ess
"

⌦1

u1 =  

u1 =  

u1 =  

u1 =  

Ess
"

⌦2

u2 =  

u2 =  

��u1 � ⇢per(!
2 + ı"!)u1 = 0 ��u2 � ⇢per(!

2 + ı"!)u2 = 0

�(u � S1) = �u � S1

⇢per doubly symmetric

⌦12

d := u1 � u2 in ⌦12

⌦12

The uniqueness result



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 22

Ess
"

d := u1 � u2

d = 0

d = 0

��d� ⇢per(!
2 + ı"!) d = 0

d = 0

=
)uniqueness for the

quarter plane problem

u1 = u2

=)

The uniqueness result



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 23

Ess
"

u1 = u2

u1

u2

u = u1

u = u2 u = u1 = u2

u = 0

u = 0

u = u1 = uH
" ( )  in ⌦H

The uniqueness result



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 24

Ess
"

��u� ⇢per(!
2 + ı"!)u = 0

u = 0

u = 0

u = u1 = uH
" ( )  in ⌦H

The uniqueness result



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 25

Ess
"

��u� ⇢per(!
2 + ı"!)u = 0

u = 0

u = 0

u = u1 = uH
" ( )  in ⌦H

u = 0

u = 0 =) u = 0

uniqueness for the
exterior problem

 = 0

Repeating the same process with the second symmetry, we construct                          such thatu : ⌦e �! C

The uniqueness result



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 26

D0,+
",k (') := e0",k(')|⌃+

1

D0,�
",k (') := e0",k(')|⌃�

1
D1,+

",k (') := e1",k(')|⌃+
1

D1,�
",k (') := e1",k(')|⌃�

1

D`,�
",k (') :⌘ eik D`,�

",k ('). ` = 0, 1

A computation expression for Dss
"

Local Dirichlet to Dirichlet operators

e1",k(')
k quasi-per.

⌃�
1 ⌃�

1

' 0

C

k quasi-per.
e0",k(')

⌃+
1

'0

C

⌃+
1

��e`",k(')� ⇢per(x)(!
2 + ı"!)e`",k(') = 0, in C



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 27

A computation expression for Dss
"

Dss
"

H
1
2 (R) H

1
2 (R)

H
1
2
qp(0, 1) H

1
2
qp(0, 1)

F F

bD
ss

"

Dss
" = F�1 � bD

ss

" � F

bK
ss

" (⇠, k) 2 L
�
H

1
2
⇠ (0.1), H

1
2
k (0.1)

��bD
ss

" b'
�
k
=

1p
2⇡

Z ⇡

�⇡

bK
ss

" (⇠, k) b'⇠ d⇠

R ⌘ @⌦H R ⌘ @⌦+

�⇡ ⇡0

1

k⇠

k

⇠

bK
ss

" (⇠, k) = I + bK
ss

",+(⇠, k) + bK
ss

",�(⇠, k)

bK
ss

",±(⇠, k) = e⌥ik
h
D1,±

",⇠ +D0,±
",⇠ R",⇠

i �
I � e⌥ik R",⇠

��1



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 28

Dss
" = F�1 � bD

ss

" � F

bK
ss

" (⇠, k) 2 L
�
H

1
2
⇠ (0.1), H

1
2
k (0.1)

��bD
ss

" b'
�
k
=

1p
2⇡

Z ⇡

�⇡

bK
ss

" (⇠, k) b'⇠ d⇠

bK
ss

" (⇠, k) = I + bK
ss

",+(⇠, k) + bK
ss

",�(⇠, k)

bK
ss

",±(⇠, k) = e⌥ik
h
D1,±

",⇠ +D0,±
",⇠ R",⇠

i �
I � e⌥ik R",⇠

��1

⌃�
1

' 0

C

k quasi-per.
e0",k(')

⌃+
1

e1",k(')
k quasi-per.

⌃�
1

'0

C

⌃+
1

T 00
",k(') := @ne

0
",k(')|⌃0

T 01
",k(') := @ne

0
",k(')|⌃1

T 10
",k(') := @ne

1
",k(')|⌃0

T 11
",k(') := @ne

1
",k(')|⌃1

T 10
",k R2 + (T 00

",k + T 11
",k)R+ T 01

",k = 0

A computation expression for Dss
"



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 29

Dss
" = F�1 � bD

ss

" � F

bK
ss

" (⇠, k) 2 L
�
H

1
2
⇠ (0.1), H

1
2
k (0.1)

��bD
ss

" b'
�
k
=

1p
2⇡

Z ⇡

�⇡

bK
ss

" (⇠, k) b'⇠ d⇠

bK
ss

" (⇠, k) = I + bK
ss

",+(⇠, k) + bK
ss

",�(⇠, k)

bK
ss

",±(⇠, k) = e⌥ik
h
D1,±

",⇠ +D0,±
",⇠ R",⇠

i �
I � e⌥ik R",⇠

��1

D1,+
",k (') := e1",k(')|⌃+

1

D1,�
",k (') := e1",k(')|⌃�

1

⌃�
1

' 0

C

k quasi-per.
e0",k(')

⌃+
1

e1",k(')
k quasi-per.

⌃�
1

'0

C

⌃+
1

D0,+
",k (') := e0",k(')|⌃+

1

D0,�
",k (') := e0",k(')|⌃�

1

A computation expression for Dss
"



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 30

⌃0

⌃+
n

⌃�
n

'k

buH
",k = Fyu

H
" (·, k)

D0,+
",k (R

n�1
",k 'k)

+D1,+
",k (Rn

",k'k)

D0,�
",k (R

n�1
",k 'k)

+D1,�
",k (Rn

",k'k)

⌃+
2

⌃�
2

D0,�
",k (R",k'k)

+D1,�
",k (R2

",k'k)

D0,+
",k (R",k'k)

+D1,+
",k (R2

",k'k)

⌃+
1

⌃�
1

D0,+
",k ('k)

+D1,+
",k (R",k'k)

D0,�
",k ('k)

+D1,�
",k (R",k'k)

e0",k(R
n�1
",k 'k)

+ e1",k(Rn
",k'k)

uH
" =

For 0  y  1,
1p
2⇡

Z ⇡

�⇡

buH
",⇠ d⇠

A computable expression for Dss
"



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 31

⌃0

⌃+
n

⌃�
n

'k

⌃+
2

⌃�
2

D0,�
",k (R",k'k)

+D1,�
",k (R2

",k'k)

D0,+
",k (R",k'k)

+D1,+
",k (R2

",k'k)

⌃+
1

⌃�
1

D0,+
",k ('k)

+D1,+
",k (R",k'k)

D0,�
",k ('k)

+D1,�
",k (R",k'k)

D0,+
",k (R

n�1
",k 'k)

+D1,+
",k (Rn

",k'k)

D0,�
",k (R

n�1
",k 'k)

+D1,�
",k (Rn

",k'k)

e0",k(R
n�1
",k 'k)

+ e1",k(Rn
",k'k)

uH
" =

For 0  y  1,
1p
2⇡

Z ⇡

�⇡

buH
",⇠ d⇠

uH
" |⌃±

n
=

1p
2⇡

Z ⇡

�⇡

�
D0,±

",⇠ Rn�1
",⇠ +D1,±

",⇠ Rn
",⇠

�
'⇠ d⇠

A computable expression for Dss
"

uH
" |⌃0 = '



Exact boundary conditions, Wave propagation and Periodic mediaSonia Fliss 32

⌃0

⌃+
1

⌃�
1

⌃+
2

⌃�
2

⌃+
n

⌃�
n

uH
" |@⌦+Dss

" ' =
�[Dss

" '
�
k
= ' +

+1X

n=1

⇣
uH
" |⌃+

n

⌘
e�ink +

+1X

n=1

⇣
uH
" |⌃�

n

⌘
eink

A computable expression for Dss
"

+1X

n=1

e⌥ink D1,±
",⇠ Rn

",⇠ = e⌥ik D1,±
",⇠ R",⇠

�
I � e⌥ik R",⇠

��1

+1X

n=1

e⌥ink D0,±
",⇠ Rn�1

",⇠ = D0,±
",⇠

�
I � e⌥ik R",⇠

��1

+ Fubini

⇢
�
R",⇠

�
 ⌧ " < 1

e�ik e�2ik e�ink

uH
" |⌃±

n
=

1p
2⇡

Z ⇡

�⇡

�
D0,±

",⇠ Rn�1
",⇠ +D1,±

",⇠ Rn
",⇠

�
'⇠ d⇠

eik e2ik eink

uH
" |⌃0 = '


