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1 Introduction

Semiclassical analysis involves a small parameter /& > 0 and statements are in the limit as # — 0. Notice that
we now move from an operator-theoretic level in terms of abstract spectral theory of selfadjoint operators to
the level of concretely realized linear, bounded operators acting on .’ (R%) (and leaving . (R%) invariant),
where then the domain of the operator under study can be specified as appropriate. An additional point is
a symbolic calculus which provides control of the operators under investigation up to neglectable terms. It
is the combination of both approaches that yields the best results (known to date).

In the first two lectures, we will lay the groundwork for later applications. These applications concern the
spectral theory for perturbed periodic media and will be dealt with in the remaining two lectures.

2 Semiclassical operators

Semiclassical operators P(h) are families of operators depending on & € (0, K] for a suitable hg > 0. The
example to keep in mind is the Schrédinger operator P(h) = —h?A + V (x) realized as a selfadjoint operator
in L2(R?), where the potential V satisfies (at least) V € €°(R%), infV > —o0, and V (x) = O((x)") for some
N > 0. The principal symbol of this operator family as a semiclassical operator is |£|? + V(x) which is the
classical energy. If, in addition, |0{ V (x)| = C, (C+V(x)) foralla € NZ, where C+infV > 0, then C+ 1E12+V (x)
can be taken for an admissible weight function.

The semiclassical operators P(h) = pw(x, hDy; h) considered below generalize differential operators as well
as their parametrices (i.e., almost inverses, where ‘almost’ has to be made precise) in the elliptic case.

Admissible weight functions M € € ®>?), where
- 0< M(x,8) < C{x,&N for some N >0,
~ 1020 M(x,8)| = Cap M(x, ) for all a, f € NE.
Amplitude functions a = a(x,& h) € S(M) if a(-,-;h) € € (R%%) for each h € (0, hol, Iafgafa(x,f; h)| <
CapM(x,¢) foralla, fe I\Ig uniformly in £ € (0, hg].
Regular amplitude functions a € S™8(M) jf there exists a sequence {a;} jen, < S(M) of h-independent
amplitudes such that a(x,{;h) ~ X >0 h’ a;j(x,¢) in the sense that, for all J € Ny,

a(x,&h) - Y. Wajx,&) e W S(M).
0<j<J



ap — principal symbol, a; — subprincipal symbol.
Weyl quantization For ae S(M),

X

aV(x,hD; h) = 9}:1 a( ery,f; h) Fn,

where Zpu(é) = Jpa e 1 (=y)Slhy () dx, ﬁ’ﬁlv(x) = (2nh)‘dfw el (C=y)Ehy &y de.
Note that
A" RYH - 7R,  aV: S R®RY - .S RY
continuously.
Composition ae€ S(M), be S(M’) implies at b e S(IMM’), where

a"V(x, hD; h) o bV (x, hD; h) = (at b))V (x, hD; h)
and

(@ b)(x, & h) = &' "PLo=DyDO (q(x, & h) by, 3 h)) |Y:fz,
17:
jlal=1lylal+1pl 5 5
~ Z W(6%65(1)()(?,5,]’1)(axagb)(x,f,h) IHS(MM’)
a,ﬁeNg 2 a.ﬁ.

For a € S™8(M), b € S*8(M"),

1
a]ib— agby—h (aobl +ayby+ ?{ag,bo}) € hz S(MM,)
1

Function spaces M"Y (x, hD) is invertible for i > 0 sufficiently small (see below). This allows us to define
H(M;h)={ue L' RY | M(x,hD)ue LZ(IRd)}. The Schwartz space .7 (R%) is dense in 7 (M; h).

Continuity la"(x, hDy; P22 = O(1) uniformly in £ € (0, k] if a € S(1). More generally, one has that
laV¥(x, hDy; h) I 2 vamarshy— 2 ar:y = O(1) uniformly in k€ (0, hol if a € S(M).

Garding inequality (aV (x,hDy; W u, u) = —C h ||l ul)? uniformly in k€ (0, hy] if a € S(1), a=0.

Ellipticity and parametrices a € S™8(M) is elliptic if |ay(x,&)| = C M(x,é)~ L. In this case, there exists a
b e S™8(1/M) such that atb=1+r, bfa=1+s, where r, s € Nyen, Y S(1). b is called a parametrix
of aV. In the elliptic case, a"V (x, hD; h) is invertible for h > 0 sufficiently small.

3 Functional calculus and spectral theory

Essential selfadjointness Let P = pWV(x, hD,; h), where p € S*8(M). Suppose that p is real-valued, py =
0, and M =1+ py. Then P(h) as an unbounded operator in L2([RY) is essentially selfadjoint with
domain . (R?) and selfadjoint with domain .#(M; h) for h > 0 sufficiently small. In the sequel, we
shall understand by P(h) its selfadjoint realization. Let {E(B; h)} pe #®) denote its spectral measure.

Counting function Let a < f and suppose that liminfjy|+ -0 dist(po(x, ), [@, B]) > 0. Then the spectrum
of P in a neighborhood of [, ] is discrete and

@rh)? t{eigenvalues of P(h) in [, f1} = @ah)® trE((a, Bl; h)
=vol{(x,&) | po(x,é) € [a, I} + O(h) as h— 0.

Helffer-Sjostrand formula Let f € €55, (R) and f be an almost analytic extension'. Then

fP) = lf 0:f(2) (P —2z) tdxdy,
T Jc

where z=x+1y.

IThat is, fe gggmp(@' azf(z) = o(|<\‘;z|N) for any N > 0, and f'R =f.



f(P) as semiclassical operator f(P(h)) = qw(x, hD; h), where g € S*8({x, &N for any N >0 and
2j-1
do=f(po), ar=p1f' o), qj=). Ajlf(l)(Po), Vj=2,
I=1
where A, is a certain (universal) polynomial of 6;‘6? pmforlal+|Bl+m<j.

By integration,

@rh)tr f(P(h) = fw fpo(x,&))dxdé+h fRd p1(x,&) f(po(x,8) dxdé + O(h?) as h— 0.

4 Perturbed periodic media

4.1 The model

The operator

d
Pag= Y (Dy, +Aj(hy)*+ V() +p(hy), yeR?,
j=1

where h > 0 is small, describes the motion of an electron in a periodic crystal with slowly varying exterior
electric and magnetic fields. For the potentials V, A, ¢, we shall assume that

- Ve €*®[R%R) is periodic with respect to a lattice I ¢ RY,
- VAe CKI‘)’O([Rd ;R9*4) (this allows a linear growth of A as it is the case, e.g., for a constant magnetic field),
- 9 € CLRYER), limyy oo p(x) =0.

Let A1 (&) = (&) <= A3() <...foré € R4 be the Floquet eigenvalues of the operator —A + V (y). Taking the
effective Hamiltonian in solid-state physics is to replace, for & >0 small, the operator P4, by the collection
of semiclassical operators

Ai(hDx+ Dy + A(X)) +@(x), VIEN.

Here, we shall see a justification for this replacement when computing the number of eigenvalues of P4 , in
a spectral gap of —A + V(y) in the limit & — 0.

We closely follow the references [1, Chap. 13], [2].

4.2 Semiclassical reduction

In Py, = pV(hy,y, Dy + Ax), where p(x, y,1m) = In> + V(y) + ¢(x), h > 0 does not happen to be a semiclas-
sical parameter. Along with this operator, therefore, we shall also consider the operator P = pW(x, ¥, hDy +
D, + A(x)) acting in L* R%).

In a first part, in place of p(x, y,n) = |17|2 + V(y) + ¢(x), we will consider more general symbols p(x, y,n) =
Y jaj=m Aa (X, y)n® satisfying the following assumptions:

— (real-valuedness) p € € (R%?) is real-valued,

— (periodicity) p(x,y+7v,n) = p(x,y,n) forall y €T,

— (strong ellipticity) ¥ |g|=m da (X, y)n% = C|n|™ for some C > 0 (in particular, m has to be even).

The operator P = pw(x, ¥, hDyx+ Dy + A(x)) acting in L2(R?%) is selfadjoint with domain {u € [2(R*) | (hDy +
Dy+ A(x)*ue L>R2?) Va e N3, |a| < m}.



Using Floquet-Bloch transformation (with respect to y), the complexity of the problem can be reduced.
Namely, the unitary map

=0 =Ny . Lz([R{if’ly) —{vel ®Y | v(x,y+7,0)=v(xy,0) VyeT,

loc

v(x, 3,0 +7%) = YN y(x,y,0) Yyt €T, (zm_dfffd lv(x,y,0)1> dxdyd6 < oo}
REx W), x By

has the property that (recall that |W| =1, |B| = (2m)%)

. [® do
OPO” = [ P )
B (2m4

where the fiber operators are independent of 6 € B and act as P = pW(x, ¥ hDyx + Dy + A(X)) in K0 = {v €
L2 (R | v(x,y+7) = v(x,y) Vy €T, fngXWy lv(x, y)|* dxdy < oo} with domain #™ = {v e #° | (hDy +

loc

Dy+Ax)*ve X' VaeN, |al < m}.

In particular, the spectrum of P acting in L?(R>?) agrees with the spectrum of P acting in .#* (as subsets
of R).

4.3 The Grushin problem

Now, the operator P acting in .#° will be regarded a semiclassical operator (with respect to the x variables)
taking values in the operators on the torus RY/T (with respect to the y variables).

We fix a compact interval I ¢ R. Then there are an N € N, a complex neighborhood 7" < C of I, and func-
tions® ¥ (x, &) € R N (R ;KM forlsj<N,where K’ ={ue L2 RY | u(y+y)=u(y)VyeT},
K"={ueK’|(Dy+§) ueK’Vae Ng, |a| < m}, with the properties

-y yi+y) = e‘io’*’y)wj(x,y,é) forall y* e T'*,
- 9%y ;(x,y, Ol < Cap forall a, fe NG,

such that, for (x,¢, 1) € R%4 x ¥, the operator-valued symbol

K" K0
w _ 4
= Ry (x,6) 0 ) N N

where R, (x, O u = {(u,y(x, -,E))Ko}j.vzl, R_(x,d)a = Z;V:l a;yj(x,-&), is pointwise invertible. Moreover, its
pointwise inverse

K K"
éa (x 6 A,) _ EO(X,E,/l) EO,+(X»E)/1) e Gi
0 e a EO,—(xvfrA) EO,—-F(-x;E;A/) ) G:N G:N

is uniformly bounded in (x,¢, 1) together with all its derivatives.

4.4 The effective Hamiltonian

Quantizing the symbol &j(x, ¢, 1) (where ¢ becomes hDy + A(x)) and applying the symbol calculus yields,
for A € ¥ and h > 0 sufficiently small, an inverse

A0 VAL
- @
L*R%GCN)  L2®R4;CN)

EW(x,hDx+ A(x),\;h)  EY(x,hDx+ A(x),A; )

W . —
T RDx+ AL LR =\ pw e hD 4 A, ) EW, (x, kD + AGO, A )

2The functions j(x,5,$) are something like the Bloch functions, except that we want them independent of 1 € 7.



of

P-2 RW(x, hDy + A(x))) .

Jgm VA
RV (x, kD + A(x)) 0 ®

— D

p" (6, hDx + A(x), A) = : .
- P®RGEY)  P@REGCN

Furthermore, & (x,&, A, h) ~ Y. =0 hié& i (x,¢, A) possesses a full asymptotic expansion. The entry of &WV(x, hD pes

A(x),A) in the lower-right corner, E\_NJr (x,hDy + A(x),A; h), |is called the effective Hamiltonian.

4.5 The operator P,

Itis readily seen that the operator Pg = p*V (hy, y, D+ A(hy)) acting in L?(R?) with domain {v € L>[R) | (Dy+
Athy)%ve 2R Vae Ng, la| < m} is unitarily equivalent to the operator P acting in 0= {Zyer v(x)0(x—
hy+hy)|lve hd/sz(le)} with domain L™ = {u € L° | (hDx + Dy + A(x))*u € L° YVa € Ng, lal < m} (upon
making use of the altered Floquet-Bloch transformation ® a second time).

Let VO = {¥,cr vy 8(x — hy) | {r,} € *(I)}. Checking continuity® of all the operators involved between the
corresponding spaces, one gets from the previous results that, for A € #" and h > 0 sufficiently small,

Lm L0
& — &

_ W
pW(x, kD, + A(x), M) = ( P-2 RV (x, hD, +A(x))) |
B (VON  (vON

RY(x,hDy + A(x)) 0

with inverse

L0 L
e - &

V(e hD+ AOA; h)_(EW(x,th+A(x),/l;h) EXV(x,th+A(x),/1;h))
y X y /by - .
(VON  (VvON

EY(x,hDy+ A(x),A;h)  EY, (x,hDy + A(x),A; h)

One of the main features is that, for A € 7" and h > 0 sufficiently small,

Aeo(Py) iff 0€ a(EV (x,hD, + A(x),A; b)),

where in the right-hand side EV (x, hD, + A(x), A; h) acts as bounded operator in (V)Y

4.6 The Schrédinger operator

Eventually, we take p(x, y,n) = In|? + V() + ¢(x) (see above). Recall that A, (&) < A»(&) < A3(8) <... for E e RY
are the Floquet eigenvalues of —A + V(y). Then, for L € 7,

detEp 4+ (x,&A) =0 iff A =21;() +¢(x) forsome [ = 1.

4.7 Eigenvalues in a spectral gap

Suppose that I = R is a compact interval such that o(-=A + V(y)) n I = @. Then the spectrum of P4 ,(h) can
be shown to be discrete in I. Moreover, for any f € nggmp([ ), one has

trf(Pay) ~2rh)™ @Y a;h! ash—0,
j=0

3Torinstance, b € S(1) with b(x, & +v*;h) = b(x,& h) forall y* e T'* implies bW(x,hD,+ A(x)) € 2V uniformlyin & € (0, hg]. We
shall also need the fact that bW(x, hDy + A(x)) is of trace class and tr bW(x, hDy + A(x) = (2nh)_d ffRde b(x,¢&) dxdé + O(h®)
as h — 0 provided that b has compact supportin x.



where the coefficients a; € C are (in principle) computable. Especially,

= A dxdé.
a ffR ., Y &) + p(x) dxdé

x XD¢ =1

(Note that the sum under the integral is finite as 1;({) — oo as [ — oo uniformly in ¢ € B and ¢(x) — 0 as
|x| — co. By the same reason, integration with respect to x is effectively only over a finite region.)

Proof. Choose a function* @ € ‘gg"([l%d) such that (0(-A+ V() +@R)) NI = @ and @(x) = ¢(x) for large |x|.
Then E_, — E_, is of trace class, where E_, is E__, but constructed for @ in place of ¢.

Using the identities

(P-M)'=E-E,E"lE,
ECl=E!-ENE_,-E_,)EZ},
which hold for A € 7'\ R (and as identities for meromorphic operator functions also for A € ¥’), and the fact

that E and Eﬂr are holomorphic in ¥ (the latter for ¥ a sufficiently small neighborhood of I), the Helffer-
Sjostrand formula gives

1 ~ ~
FPag) = ;fcaif(/l)E+E:}r(E_+ —E_,)EZLE_ L@\
— -~ [orswE. (e - EYE- Lan

where fis an almost analytic extension of f (supported in #’) and L(dA) is the Lebesgue measure in C.

Further using the identity 0y E_+ = E_E, (which follows as the operators RXV and RY are independent of A),
one obtains

trf(Pag) =— %tr[ 0;fW(EZ; —E_})E-E. L(dA) = —%tr[ 0; fWE-LOAE_+ L(dN),
C C

1
But rV(x, hD+A(x); h) = — ;/ aifm)EiaAE_+ L(dA) for some r(x,&; h) € S(1;Z(CY)) which is I'*-periodic
C

in ¢ and has a full asymptotic expansion r(x,&;h) = X0 hi ri(x,¢) as h — 0, where
1
o)== f«; 01 F(ME;" 03 Eo s L(dA)

It follows that tr f(P4 ) ~ @rh)~%y. j=04j hi as h — 0 for certain coefficients a j€C. Further,”

_ 1 i 0pdetEp—4(x,¢,A) 3
o _ffuqzde( ﬂfca,lfm) detEy (6 E, ) L(d/l))dxdf—fRdel;f(M(fﬂp(x)))dxdf,

which completes the proof. O

4In particular, tr f (P A@) = O(h®) as h — 0 according to the above formula.

5Use the following two facts:

0y detA(L)
detA(A) -~

6Ag(ﬂ)
g

- (Liouville’s formula) For analytic matrix functions, tr(A()l)_la 1A) =

~ 1 ~ -
— For a function g analytic in a neighborhood of supp f, — ;f 03 f () L(dA) = Zf(/ll), where the 1; are the zeros of g in
c 1

supp f
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