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A Likelihood and Score Functions

In this section we list all used log-likelihood and score functions. Therefore we use the same
notation as in the main part, but we always define the predictor to be semiparametric.

i = ZiT‘Y

Some vectors to shorten the notation:

B, = (Bi(z{7),..., Bu(z/ 7))
B, = (Bi(z/ 7).+ B (2 7))
B = (B{(27),. ., BL(z/ 7))
v
- )
v,

Furthermore, as in the paper we include the smoothing parameters in to their corresponding
penalties: AK = K

Al GAM
A.1.1 General GAM
Log-likelihood of the general GAM:

1) =3 togf sty = 20— TRy
=1

Score function of the general GAM:
ol(~v LR (2y
sm) = 52 = 3 s I - (e ) - Koy
i=1 i

Fisher Information of the general GAM:

Hp) = =250 = =3 sz (W0 = ) - (T )) + Ky
=1 ?

Expected Fisher Information of the general GAM:

Fly) = BIH()] =~ Y ziziy | B0 E [5i— b= )] - 0(T)? | + K,
i=1 i

=0
n
h/ T 2
= Z ziz;wi + K, with w; = 7( (212’7))
o
=1 7



Algorithm 1 (General IWLS)

Start :
7(0) _ (ZTZ)—lzTy
n® = Z~©
Iterate (k) :
p®) = h(n®=1)

W _ -1y, Y=p"

o R (n(*=1)
B! (n(=1)))?
w® — W
+B = (zTwk Z + K,y)*lsz(k)y(k)
n®) = Z~®)



A.2 Binomial Data
A.2.1 Logit Regression
Binomial log-likelihood:

= Zyz log(p(zi)) + (1 — yi) log(1 — p(zi)) =

—Zyzlog<1_ () ))Jrlog(l—ﬂ( i)

Canonical Logit-link:

Log-likelihood of the logit model:

n
1
= _vizl v —log(1+exp(2/ 7)) — 57 Ky
=1

Score function of the logit model:

n ex Z-T
s(y) = Gla(::) :lei (yi_p( ’ 1) > — Ky

1+ exp(z; )

Fisher Information of the logit model:

Z eXsz) LK
.

H(v) = 1+ exp(z; Tv))2

Expected Fisher Information of the logit model:

W(z{~v)*

h/(ZZ-T’Y) = h/(ziT'Y> = u(zi)(1

F(v) =E[H(v)] = ziziw; + Ky, with w; =

Algorithm 2 (Classical Logit Model)

Start :
7(0) _ (ZTZ)—lzTy
n© =z~
Iterate (k) :
w _ _exp(n®Y)
1+ exp(n-1)
gty
(1~ u)
w® = p® (1 - pk)
) = (ZTW(k)Z + K,y)—lsz(k)y(k’)
n®) = Z~®)

— w(zi))



A.2.2 Indirect Estimation of the Response Function FlexGAM1

pi = h(¥(n;)) = p(zi)

where h(-) = ~22U)_ a5 before and ¥ is estimated as a monotonic P-spline with
1+exp(+)

L
Uz ~) = Z Bi(z] v)vi = Byv
=1
Log-likelihood of FlexGAM1 for binomial data:

(7, %) = > 5 0(z]v) —log(1+exp(¥(z 7)) — 57 Kyy — sv K,v
=1

n
1
= Z y;iB,v —log(1 4 exp(Byv)) — §7TK,W ~ VK, v
i=1
Score functions of FlexGAM]1 for binomial data:

(v, v) exp(B,v) ,
- = DY) ) Bz - K
oy ; (y 1 + exp(B,v) TVE 77

= >~ (s = W] PNV (= )z — Koy
i=1

exp(Byv) T
P LA X ¢
<yl 1 + exp(B,v) v i

ol(y,v)
ov

I
NE

1

7

Il

(v — h(¥(z)) B] - K,
i=1

Fisher Information of FlexGAM]1 for binomial data:
l(v,v) _ Zn: _eXP(BwV)(B;V)QZiZi o M
vy = (+exp(Byw))? YT T ¥ exp(Byw)
- exp(B,wv)B] B}

(y,v)
ovv ZZ; (1 + exp(Byv))?

l(v,v) - exp(Byv) T exp(Byv) T
- = B, B vz i~ | By %
0vyOv ; (1+exp(Byw))? 7 wE YT +exp(Bywv)) 7 g

)B,’Y/Vzizi + K,

+ K,

Expected Fisher Information of FlexGAM1 for binomial data:

1(v, V)} —~  exp(Byv) ’o\2
Fyy=E|-———">=| = B izi + K
Yy |: 8'7'7 ; (1 4 eXp(B’YI/))2( 'yV) Zizi + Y

=D AW )1 = (U (=] 7)) (V' (2] 7)) 22 + Ky
=1

l(v,v) & exp(Byv)
F,,=FE|-——- = 7 B'B! + K,
; [ ovv ] ; (1+exp(Byv))2 7 7 +

=D h(¥(z7)(1 ~ h(¥(z/7)))B)B) + K,
=1

o[ 0l )] <~ exp(Byy) R
E W—E[ oo ] ‘; (A +expBr)p B 7

=D A(¥(z )1~ h(¥(z] 7))V (=] ) B z



In the estimation procedure we fix ¥ to estimate ~, thus we focus on F, 4 to get the working
weights:

F(y)=Fyy = Zziziwi + Ky with w; = pu(zi) (1 — p(2:) (V' (2 7))
i=1

Working responses:

(k) _ k1) Ui z(k)
S oh(n 1)
on
_ e b))
= / (k1) 1(,,(E=1)
W (P (n; )W (n; )
_ kD Yi — h(‘l’(m(k_l)))
= (k—1) (k=1) 1(p(F=1)
h(¥ (n; N = h(¥(n; IV (n; )
()
_ nl(kfl) + Yi — K

p®) (1 = p )@ (1)

Algorithm 3 (FlexGAM1 Binomial)

Start:
A0 = gam(y ~ 1 + 2 + s(x3) + s(x4) + ..., family=binomial(link=logit))
0 0
© _ M —mean(n;")

0) _ 72,(0)
n o =24y = nv =
sd(n”)

Outer (m) :
G (1) = scam(y ~ s(n®* Y, bs="mpi"), family=binomial(link=logit))
Inner (k) :

(m) (pp(k—1)
) — g (=) — P (0™ 7))
g ( X ) 1 + exp(W(m) (nk=1)))

(k) _ n(k—l) + Y- H(k)
H(k)(l — u(k))qﬂ(m) (77(16*1))

2
w® = p® 1 — k) (@/(m)(n(kfl)))

-1
5k — ( ZTwhz Kﬂ/) ZTW Ry )

= gam(y®) ~ x| + x9 + s(w3) + s(wq) + ..., weight = w®), family=gaussian)

) _ ngk) — mean(nik))

sd(nt)

k ~
n=2z4M = g



A.2.3 Direct Estimation of the Response Function FlexGAM?2

~

pi = Blyi|zi] = h(z ),

with

L
2/ ) =) Bz v =Bw
=1

Log-likelihood of FlexGAM?2 for binomial data:

v) = Z yilog(pu(z)) + (1 — yi) log(1 — p(z:)) — %JKW _ %,;Ky,,
= Zyz ( Chet e )> +log(l = (= 7)) — 57T Koy — 50T Kow

v 1 + 1 +
= Z}yz log <1—VB,Y1/> +log (1 - Bwv) — 37 K.,y - 2 K, v
1=

Score function of FlexGAM?2 for binomial data:

ol(~,v " Blvz;
(v,v) _ ZV—(% —~ Bv) - K.~

o — B.,v(1-Byw)
T . )
B = h(z] :;((?—7%?;;7)) (yi — h(z{ 7)) — Ky
i T
al(;;y) - ; va(i B.v) (yi — Byw) — K,v
) Zzn; f%(ziTv)(szﬁ(zﬁ)) (yi — h(z{ 7)) — K,

Fisher Information of FlexGAM?2 for binomial data:

A, V) B,v(1— Byv)Bljvzizi — (BLv)*(1 — 2Byv)z;2; o 3 (BLv)2ziz;
Oyovy B Z (Byv(1 — Byv))? (i = Byv) B,v(1—- B,v)
al (v,v B (1-2Byv) o _ 1 ToT
ovow __Z BB 5 0B B T g gy B Bl K
_Ol(vv) _ B,v(1— B,v)B. z; — BT B/ vz;(1 - 2B.v) _ B! Blvz;
ovoy B Z (B:l/(l - B:u);2 (i = Byv) - B’Yuv(l j B,v)
Expected Fisher Information of FlexGAM2 for binomial datas:
l(77 V) g 1 / 2
Fyy=E [_ vy = Z Bo(l—Buo) v(1- Bv) (Bv”) zizi + K,
Z (=) zmit K
= 2 ) ziz+
h(z Y))
F,,=F ———— BB +K,
vy [ 81/1/ ] Z B,y ( 1 - B,v) +
= 1
= = BB + K
= Mz )1 = Az 7))
Al(, V)] - 1 10T T
Fy. [— = < h'(z; v)B., zi
Oyov Azl T
E F.
F ,I/ — 7Y vV
(7 ) ( F’;r,u Fyﬂ/ >



In the estimation procedure we fix h to estimate v, thus we focus on F} , to get the working
weights:

. W (z]7))?
F(y)=Fy, =Y ziz wi+ K., with w; = = (0=, .
M =Fro=2 hE (0~ h(z )

Algorithm 4 (FlexGAM?2 Binomial)

Start:
40 = gam(y ~ 1 + =3 + s(x3) + s(x4) + ..., family=binomial (link=logit))
0) . (0) ) n” — mean(n”)
mo =2y = = ©
sd(m; )
Outer (m)
n L 2
(™) = argmin Z (y, - ZBl(nZ(kl))Vl> +v K| = h™
i=1 =1
Inner (k) :

“(k) — pm) (n(kfl))

-y, _Yy=n®
/m) (k=1

(iL'(m)(n(k*l)))Q
W1 — )
-1
Ak) = (ZTW(k)Z+ K7) ZTwW kg k)

(k) —

Yy n

w®) —

k)

= gam(y®) ~ x| + x9 + s(w3) + s(xq) + ..., weight = w®, family=gaussian)

k k
" — mean(n;")

(k) _ a(k) k) _ "M
m =2Zy = n'\" =
Sd("ﬁk))

In the binomial case the constraints for the estimation of A are that the spline has to be strictly
monotonic increasing and the fitted values have to be positive and smaller than 1. So the coefficients
v have to fulfill:

O<y<y4 <1



A.3 Poisson Data

Aiexp(—A\
Fiy) = yp,()

Likelihood of Poisson data:

n

Livly) =]

=1

L(vly) = Y wilog(h(z)) — h(z~) — log(yi!)
i=1

h(z] )Y exp(—h(2] 7))
yi!

A.3.1 Indirect estimation of the Response Function FlexGAM1
pi = Elyi] = Mzi) = h(U(z]7)) = exp(¥(z]7))
with
L
U(z'v) =Y Bz v)u = Bw
=1

Log-likelihood of FlexGAM1 for Poisson data:

" 1 1
(y,v) =D ui¥(z{7) — exp(¥(z/ 7)) —log(y!) — 57" Kyy — v Kyv
=1

n
1 1
— E yiByv — exp(Byv) — log(y;!) — §7TK,77 — §I/TKVV
i=1

Score function of FlexGAM]1 for Poisson data

(v, v) - ,
= i — exp(B,v))Blvz; — K.
5y ; (yi — exp(Byv)) Bivzi — Ky
= > (i = MV (= NV (2] 7)zi — Koy
=1
ol(~,v) - T
o = > (i~ exp(Byw))B ~ Kyv

=1

=3 (g — h(¥(=] ) B] — K,v
=1

Fisher Information of FlexGAM]1 for Poisson data:

_8(19(’;7(;’,;) - Z ((i’/z - eXp(B'yV))BgV - eXp(B’yV)(BIWV)Q) zizi + Ky
=1
dv.v) < BT
T ; eXP(B"/V)BV BV t+ K,
dl(~,v) S T 7
gy = 2 (Ce(By) B Blyzi+ (5 — exp(Byw)) B, 2

@
I
—



Expected Fisher Information of FlexGAM1 for Poisson data:

l n
Fyy=E [—(;7’;)] =" exp(Bw)(Bw)*zizi + K
=1

= > (W NV (2] 7)?2iz + K,
=1

F,,=F [—l(%y)] = Zexp(BVV)B;rBI + K,

’ ovv ¢
=1

=> W¥(z/v)B)B] + K,
=1

(v, v)] _ ¢
= S WU ) (2] ) B] =
=1
F. F.
F 7 — v a4
(7 V) < F’J—,u Fu,u >

In the estimation procedure we fix ¥ to estimate ~, thus we focus on F, 4 to get the working
weights:

F(v)=Fy,= Z ziziw; + Ky with w; = exp(\Il(ziT'y))(\I»"(ziT'y))2

=1

Algorithm 5 (FlexGAM1 Poisson)

Start:
40 = gam(y ~ @1 + T2 + s(w3) + s(x4) + ..., family=poisson(link=log))
(0) +(0) (0) U&O) - mean(ngo))
m = Zxy = n = (0)
sd(m; )

Outer (m) :
T (=) = scam(y ~ s(n*~, bs="mpi"), family=poisson(link=log))
Inner (k) :

-y y—p®
) ((R=1)

2
w® = (g/(m) (n(k—n))

y) =

-1
Ak — ( ZTwhz Kﬂ/) ZTw k) gy k)

= gam(y® ~ x| 4+ 2y + s(x3) + s(wy) + ..., weight = w¥), family=gaussian)
®) _ o (h) @ m" — mean(n{")
n =24y = n = ®
sd(m; ")

10



A.3.2 Direct estimation of the Response Function FlexGAM?2

pi = By = Azi) = h(z )
with

L
1Y) =Y Biz!v)u=Bw
=1

Log-likelihood of FlexGAM2 for Poisson data:

) | 1
Zyzlog 1) = iz ) —log(ui!) = 57 Kyy = Sv Kyw

1 1
= Z yi log(Byv) — Byv — log(y;!) — ifyTKA/y - §VTKVV
i=1

Score function of FlexGAM?2 for Poisson data:

(v, v) ¢ 1
T = Z (yi — va)ﬁBguzi - Kyvy

=1 v
1 71
=Y v - Wz v)zi — Ky
1 h’(zz )
ol(y,v)
 — B B, - K,
81/ ; (y 'YV) 'yV v
= ! BTk
Z Wi T
Fisher Information of FlexGAM2 for Poisson data
ol(v,v) - Blv  (Blv)?
——a T — i — B - izi + K
6’787 ; (y 'YV) nyV (B’YV>2 Zizi + Yy
Ol(y,v . B/B] B! B!
: — Y — B 7 Kl/

81/81/ Z B v (y W) (Byv)? *
l(v,v) " B;Tzi BlvzB]

Oy ov Z_; Wi = B g~V By

Expected Fisher Information of FlexGAM2 for Poisson data:
F"/ﬁ =K |: 8’7’7 ] B Zizi + K»y
hl ] 2
= Z (Ah((,ZzZT’Y’y))ziZi + K,
i=1 i
liy.v)| <~ BIB]
Fo,.=FE|— = K,
’ [ ovv ] Z B,v *

i=1
n TnpT
AB"/ BV

=1 h(zz—r7)

BT

>
- l(v,v)] ~=~BvB,z
Py =k [_ OyOv ] B ; VBVJ
>

+ K,

- il/(zzT’Y)BT ‘
— o Zi
h(z; )

F. F

Fo) = (7 1)

v )

~,

11



In the estimation procedure we fix h to estimate v, thus we focus on F} , to get the working
weights:

~ 2
" (=)
F(y) =Fyy = Z ziziw; + K+ with w; = W
i=1 [

Algorithm 6 (FlexGAM?2 Poisson)

Start:
4O = gam(y ~ a1 + 2 + s(3) + s(x4) + ..., family=poisson(link=log))
(0) < (0) ) n{” — mean(n{")
’)71 = Z’Y = - (0)
sd(m; )
Outer (m) :
n L 2
(™) = argmin Z (yi - ZBl(m(k_l))Vl> +v Ky | = h™
i=1 1=1
Inner (k)

(k) (k—1) y—p
VT S ()
2
h'(m)(n(k—l))
o )

~1
4k = (ZTW(k)Z+ K—y) Z "W k) gy (k)

= gam(y®) ~ x| + x3 + s(w3) + s(xg) + ..., weight = w®, family=gaussian)

k k
(k) _ ny" — mean(n{")

sd(n{")

k ~
n=2z4" = g

However in the Poisson case the constraints for the estimation of i are that the spline has to be
strictly monotone increasing and the fitted values have to be positive. There is no upper bound
for the fitted values and the spline. So the coefficients v have to fulfill:

0< v < Viyq

12



A.4 Gaussian Data

R ZT 2
f(yilv,0%) = 21 exp <_(yzh(z7))>

Likelihood of Gaussian data:

with

Log-likelihood of FlexGAM1 for Gaussian data:

n TA))2
1 1 yi — V(z,'v 1 1
l(v,v) = Z —3 log(2m) — 3 log(o?) — (v 2((72’ )" _ ifyTKA,’y - §I/TKVV
i=1
n
1 1 o (yi—Bw)? 1 - 1

Score function of FlexGAM]1 for Gaussian data

Ol(y,v) ~=1 . .
5y = Z —5 (i = (= )V (] 7)zi — Koy

Fisher Information of FlexGAM1 for Gaussian data:

n

LO0y) NS (BB (y - Bow)BIY) s+ K

OyOy — o?
Al(v,v) - L o7r ot
- - S --B'BT 1K,
ovov ; g2 By
Oy . 1
8’781/ —2 —-Blvz) B +(yi — B V)B T2)

=1

13



Expected Fisher Information of FlexGAM1 for Gaussian data:

l(77'j) - 1 / 2
Fy=E|-—~22 =N~ (B 2+ K
Yy { By ;UQ( 7’/) zZizi + Ky

"1
= Z ﬁ(\ll’(ziTv))Zzizi + K,
i=1

I(v,v "1
fow 2[5 - R T e

o2
=1
F. F.
F ,V — Yy vV
(7 ) < F‘IV F,/,, >

In the estimation procedure we fix ¥ to estimate ~, thus we focus on F, 4 to get the working
weights:

n
F(v)=F,,= Zziziwi + K, with w; = (U'(2;'7))?
i=1

The variance o2

use

is not necessary for the estimation part. For calculating the standard errors we

52 Z (yi —ﬂi)27

n —_
i=1 p

where p are the estimated degrees of freedom of the covariate effects.

Algorithm 7 (FlexGAM]1 Gaussian)

Start:
4O = gam(y ~ a1 + 3 + s(w3) + s(x4) + ..., family=gaussian())
0) _ 520 0 _ 1t — mean(n;”)
mo=2Zy = = )
sd(m; )
Outer (m) :
U (1)) = scam(y ~ s(n*~"), bs="mpi"), family=gaussian())
Inner (k) :
p®) = R0 (nk=1)y) = gm) (nk=1))

y — pk)
W/ (D)

w® — (q,/<m>(,7<k—1>))2

~1
A) = (ZTW(k)Z + K—y) Z "W kg k)

= gan(y®) ~ @) + @ + s(w3) + s(x4) + ..., weight = w®

k
k) _ M — mean(n|")

sd(ni*)

, family=gaussian)

14



A.4.2 Direct Estimation of the Response Function FlexGAM?2

i = Elyi] = h(z{ ~)

with
L

hz'v) =Y Bi(z{ v)u = Byv
=1

Log-likelihood of FlexGAM?2 for Gaussian data:

1 1 yi—iL zZ-T'y 21 1
ly.v) =3 3 loa(2m) — Llog(o?) — LI DTy
i=1
N L, -Bw? 1o 1
= 2*51082(2”) — 5 log(o”) — T ogz Y Kyv—gv

Score function of FlexGAM?2 for Gaussian data

ol(v,v)
o~y —~o

Fisher Information of FlexGAM?2 for Gaussian data:

1
LO0y) NS (BB (y - Bw)BIY) mim 4 K

0vy0~y

_Ol(y,v) _Z_iBTBT VK,
- g

ovov — 29y Py
(~,v "1 /
a 8(781/) - E«_B;VZJBI + (yi — BWV)BVTzi)

Expected Fisher Information of FlexGAM?2 for Gaussian data:

l("/,V) . 1 / 2
Fyy=E |- =Y S (Bw)zz+ K
Yy |: 377:| - 10_2( ,YV)ZZ—F Y

—Z (W (2] 7)) 2zizi + K

[(v,v) — 1 TRT
F,,ﬁ,,:E[— Son :;UQB,YB,Y+KV

_ al(7a / T
FW,—]E{ Gy ] ZU2B I/B Zi
i=1

E F.
Fovn) = (7 1)
alld ’

15



In the estimation procedure we fix h to estimate v, thus we focus on F} , to get the working
weights:

n
F(v) = Fyy = zizw + K, with w; = (i'(z 7))
=1

2

The variance o is not necessary for the estimation part. For calculating the standard errors we

use

n )2
&QZZ(‘% )

n —
i=1 p

where p are the estimated degrees of freedom of the covariate effects.

Algorithm 8 (FlexGAM2 Gaussian)

Start:

4O = gam(y ~ 1 + x5 + s(x3) + s(x4) + ..., family=gaussian())
(0)

(0 _ mean
0= z50 o p0_M o (m )
sd(m; ™)
Outer (m)
n L 2
(™) = argmin Z (yl - ZBl(nZ(kl))ul> +v K| =AM
i=1 =1
Inner (k) :

H(k) — pm) (n(kfl))

(k—1) Y- M(k)
R/(m) ((k=1))

w®) — (;L/(rn)(n(kfl)))2

-1
k) — (ZTW(k)Z+ K7) Z "W k) gy (k)

(k) —

Yy n

= gam(y®) ~ x| + x9 + s(w3) + s(xg) + ..., weight = w®, family=gaussian)
(k) « (k) (k) ng) - mean(ﬂgk))
n = Zxy = n = (k)
sd(my)

However in the Gaussian case the constraints for the estimation of & are that the spline has to be
strictly monotone increasing. There is no upper or lower bound for the fitted value and the spline.
So the coefficients v have to fulfill:

v < V41

16



A.5 Gamma Data

Flyily. r) = F(ln) <h(;}7)>ﬂyf fexp (M(Z%))

Likelihood of Gamma data:

s~ i () 4o (i)

=1 %

n

l(v|y) = Z —log(T'(k)) + klog(k) — klog(h(z~)) + (k — 1) log(y;) — /@Zi
i=1

A.5.1 Indirect Estimation of the Response Function FlexGAM1

pi = Ely] = h(¥(z 7)) = exp(¥(2 7))
with
L
U(z y) = Z By(z v)v = Bv
=1
Log-likelihood of FlexGAM1 for Gamma data:

n

I(v,v) = —log(T'(k)) + rlog(r) — k¥(z ) + (k — 1) log(yi) — ky: exp(—¥(z 7)) — %’YTK v - %v K,v

S

1 1
= Z —log(I'(k)) + klog(k) — kByv + (k — 1) log(y;) — ky; exp(—B,v) — §7TK77 — iuTKl,u
i=1

Score function of FlexGAM]1 for Gamma data

al(;; Z"G‘I’ 2 7) exp(=¥(z 7)) |vi — exp(¥(z 7)) | zi — Kyy
=1
= Z /@nyu exp(—B,v) [y; — exp(Byv)| z; — Ky
=1
Il %

Znexp —B.v) ly; — exp(B,v)] BJ - K,v

= ZHGXP(-‘II(ZH)) yi —exp(¥(zy))| B, — K,v

Fisher Information of FlexGAM]1 for Gamma data:

‘9; v,V Z K exp(— (2] 7)) [(yi —exp(T (2] M)W (2] v) = (V' (2 7)?) — (¥ (2] 7))? eXp(\I’(ziTv))] zizi + Ky
’787

aégéu Z kexp(—Bav) [(y; — exp(B,v)) + exp(B,v)] B] B] + K,

al ,V ! ’ ’

d(’;ydu) - Z kexp(~Byv) [(vi — exp(B,v)) (B, — B{vB] ) — Bivexp(Bv)B] | 2

i=1

Expected Fisher Information of FlexGAM1 for Gamma data:

I(v,v)]

= k(W zZ-T'y 22izi+ K

=1

F%VZE[_

(v, V)] - TRT
FV,V =K |:_81/1/_ :;KJB,Y B’Y +Ky

6l(77 V)- - T
Fyy=E [— o | = ; kBl VB, z;

E F.
Fon) = (7 1)
alld ’
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In the estimation procedure we fix ¥ to estimate ~, thus we focus on F, 4 to get the working
weights:

n
F(y)=Fyny =Y ziziwi + K, with w; = (¥'(z; 7))
i=1

The ”variance” k is not necessary for the estimation part. For calculating the standard errors we
use

1 & (= )?
Ko ; (f1i)*(n —p)’

where p are the estimated degrees of freedom of the covariate effects.

Algorithm 9 (FlexGAM1 Gamma)

Start:
4O = gam(y ~ 1 4+ 3 + s(x3) + s(w4) + ..., family=Gamma(link=log))
(0) . (0) ©0) n\” — mean(n'")
m=2Zy = n = ©)
sd(ny )

Outer (m) :
T (1) = scam(y ~ s(n®* Y, bs="mpi"), family=Gamma(link=log))
Inner (k) :
N(k) — h(q/(m)(n(k—l))) _ eXp(\If(m)(T](k_l)))
y — p®
p (k)@ (m) (n(k=1))
w® — (\I/’(m)(n(kfl)))Q

-1
AR) = (ZTW(k)Z+ K-7> Z "W kg k)

= gam(y®) ~ x| + x9 + s(w3) + s(xq) + ..., weight = w®

k k
(k) _ Z;y(k:) = n(k) _ 775 ) - mean(% ))

sd(n{)

, family=gaussian)

18



A.5.2 Direct Estimation of the Response Function FlexGAM?2

pi = Blyi] = h(z~)

with
L
h(zlv) = Bi(z{v)n =Bw
=1

Log-likelihood of FlexGAM2 for Gamma data:

- . i 1 1
1(v,v) =Y —log(T'(k)) + rlog(k) — klog(h(z] ¥)) + (k — 1) log(y;) — = Z -7 'Ky - sv Ko
i=1 h(z; ) 2 2
=3~ log(T (k) + K log(r) — #log(B) + (5 — 1) log(ys) — =2 — 2y Koy — 0" Kow
— B.v 2 2
Score function of FlexGAM?2 for Gamma data
(v,v) ~= Mzl T
=D k=i — h(z 7))z — Ky
v ; (h(z{7))?
n BL/V
al(77 V) 1 T
o =D B (yi — Byv)B, — K,v
=1
n 1 A
= K— (y; — h(z;—'y))B—r - K,v
ZZ‘: (h(z{7))? !
Fisher Information of FlexGAM?2 for Gamma data:
o1 " TR ) — 20T, (2T 7)?
— (77 V) — ZK‘ (zz 7) (ZAZ 7) ( (zz 7)) (yz o h(ZZT")’)) - (A (zz 7)) 2z + K»y
IOy P (h(z{~))3 (h(z{7))?
Al(v,v) - { yi — Byv 1 ] TRT
— = — k|(—2) — — B B, 6 + K,
Jvov ZZ:; (Byw)?  (Byw)?] 77
Al(v,v) ". (BwB) -2B/vB/ Blv .
— = — K (yi—BV)—iB z;
Ovyov Zz; (Byv)? ! (Byv)? 7

_ (v,v)] _ (W (2] ))?
Fﬁy,-y =K |:_aﬁ)/">/ = Z K/ﬁzpzl' + K‘Y

- (3

l ] 1
FI/,I/:E|:_ (77'/) :ZK‘iBTBT_i_KV

ovv |

ol(vy,v)] " iz’(z-T ) ST
=5 |- 2V N~ M=) BT
™ [ Oyov | ;H(h(ZT,Y))z v #

In the estimation procedure we fix h to estimate v, thus we focus on F, , to get the working
weights:

n
: (
F(’Y) = F’Y,’Y = Zi2iWj; + K»-\/ with W; = ———"—
> oy

19



The ”variance” k is not necessary for the estimation part. For calculating the standard errors we

1 (=)
ko ; (A:)*(n —p)’

where p are the estimated degrees of freedom of the covariate effects.

Algorithm 10 (FlexGAM2 Gamma)

Start:
4O = gam(y ~ a1 4+ 3 + s(x3) + s(x4) + ..., family=Gamma(link=log))
(0) . (0) ) ny” — mean(n;"”)
m’ =2y = n= ©
sd(m;™)
Outer (m) :

n L 2
(™) = argmin Z (yz- - ZBl(nl(k_l))yl) +v Ky | = h™

i=1 =1

Inner (k) :
pE) = R (pk=1)y
— (k)

i]/(m) (n(k_l))

N 2
w® — (P ")
R (1)

-1
k) — (ZTW(k)Z+ K7) Z "W k) gy (k)

= gam(y®) ~ x| + x9 + s(w3) + s(xg) + ..., weight = w®, family=gaussian)
(k) « (k) (k) ng) - mean(%“)
m = Zy = n= (k)
sd(m;)

However in the Gamma case the constraints for the estimation of A are that the spline has to be
strictly monotone increasing and positive. There is no upper bound for the fitted value and the

spline. So the coefficients v have to fulfill:

0< v < Viyq
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B Simulation Study

In this section we provide all results of the simulation study. The ordering is that we start with the
results for the models with linear predictor and end with the results of the models with smooth
predictors. In each subsection we first present the goodness-of-fit criteria, then we display the
estimated response functions, continue with the estimated covariate effects and conclude with the
estimated ROC curves. The effects are scaled with - ﬁ to be comparable.

B.1 Linear Predictor
B.1.1 Goodness-of-fit

Data: Logit linear Data: Gamma linear Data: Bimodal linear
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Figure B.1: RMSE of the models with linear predictor
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Figure B.2: AUC of the binomial models with linear predictor
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Figure B.3: Bias of the models with linear predictor
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Figure B.4: Predictive Deviance of the models with linear predictor (scaled by 10000)
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B.1.2 Estimated Response Functions
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Figure B.5: Estimated response functions for Logit data and of the models with linear predictor
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Data: Gamma Model: GAM Data: Gamma Model: IC Data: Gamma Model: SIBoost
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Figure B.6: Estimated response functions for Gamma data and of the models with linear predictor
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Figure B.7: Estimated response functions for Bimodal data and of the models with linear predictor
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Data: Log Model: GAM Data: Log Model: IC Data: Log Model: SIBoost
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Figure B.8: Estimated response functions for Log data and of the models with linear predictor
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Figure B.9: Estimated response functions for Pois! data and of the models with linear predictor

Data: Poisl Model: GAM

Data: Poisl Model: IC

Data: Poisl Model: SIBoost

20

15

10

20

15

10

Data: Poisl Model: FlexGAM2

20
15
K
S —-- 10
5
[ Y I
T T T T T T
1 2 3 -3 -2
Data: Poisl Model: FlexGAM1
| it
’
v
| ’
’
’
7’
— - -
T T T T T T T
-3 -2 -1 0 1 2 3

27

20

15

10

20

15

10

20
15
K

o = O 10

5 -

04 ——==7
T T T T T T
1 2 3 -3 -2 -1

Data: Poisl Model: FlexGAM1n

Data: Poisl Model: FlexGAM2n




20

15

10

Figure B.10: Estimated response functions for Pois2 data and of the models with linear predictor
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B.1.3 Estimated Covariate Effects
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Figure B.11: Estimated
predictor
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Figure B.12: Estimated scaled covariate effects for Gamma data and of the models with linear

predictor
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