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Abstract

There has been an extensive discussion on the applicability of Poisson Pseudo

Maximum Likelihood (PPML) to trade. Here, we are going to analyse again the

performance of PPML but in the light of a bimodal distribution; in addition, we also

explicitly account for excess zeros. Simulations are based on a Bernoulli-Gamma

distribution (a zero-inflated Gamma distribution). Again, our results are a confir-

mation of how well-behaved PPML is in general.
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1 Introduction

With the seminal paper of Santos Silva and Tenreyro [2006] ‘The Log of Gravity’ (The

Review of Economics and Statistics, 2006, 88(4), 641 – 658), a discussion started on

the applicability of Poisson Pseudo Maximum Likelihood (PPML) to trade data or more

specifically to gravity trade models. Although controversially discussed at the beginning

[Martinez-Zarzoso, forthcoming, Martin and Pham, 2008], PPML appears now to be a

generally well-behaved estimator: If the data generating process conforms to a constant

elasticity of substitution (CES) model then the performance of PPML is quiet well even

under a lot of statistical problems; among others, PPML is robust against both overdis-

persion and excess zeros [Santos Silva and Tenreyro, 2011].

Here, we are going to analyse again the performance of PPML but in the light of bi-

modality. The performance of PPML under a bimodal distribution has not been analysed

so far; comparative analyses done have only focused on unimodal distributions [Santos

Silva and Tenreyro, 2006, 2011]. Yet, especially with disaggregate trade data bimodality

is entirely possible, e.g. for primary commodities there are often minimum lot sizes, that

is why small-size trade flows are not so often observed.1 In the end, a mass of observations

is at zero and the other at medium-size trade flows. Some researchers now might propose

Two-Part models instead. Therefore, our research question is: how well-behaved is PPML

under bimodality?

For the simulation design, we propose to use a Bernoulli-Gamma distribution which

is also known as a zero-inflated Gamma distribution [Williams, 1998]. The corresponding

statistical model has a quiet intuitive economic interpretation: First, the decision process

to trade or not to trade is represented by a Bernoulli process and then the distribution of

trade flows follows a Gamma distribution.

Our results will again confirm the results of Santos Silva and Tenreyro [2006, 2011]

viz. that PPML is a generally well-behaved estimator which is also a reliable alternative

even for bimodal distributed trade data.

In the next section we will develop a simple statistical model which will underlie our

simulation studies. In the following section, we will discuss our simulation results. The

last section will conclude.

2 Simulation Design

For the simulation studies, we propose a Bernoulli-Gamma distribution [Williams, 1998],

which is also known as a zero-inflated Gamma distribution. Like the Gamma mixture

of Santos Silva and Tenreyro [2011], our statistical model also has an intuitive economic

interpretation: the Bernoulli process can be seen as the decision to export or not to

1One empirical example could be raw sugar trade which is usually dominated by seaborn trade where
even the smallest bulk ships (handysize class) have on average a tonnage of 25.000 DWT.
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Figure 1: Histograms of Distributions

export, and the Gamma process then defines the absolute size of exports.2 Contrary to

Santos Silva and Tenreyro, the Bernoulli-Gamma distribution also allows us to simulate

bimodal distributed trade data. A graphical illustration is given in Figure 1.

Our statistical model is defined as

[1] f (y; p, α, β) =

{
1− p for y = 0
p(y/β)α−1exp(−y/β)

βΓ(α)
for y > 0

where y indicates observed bilateral trade flows; p (0 ≤ p ≤ 1) the probability of zero trade

flows; α (α > 0) and β (β > 0) are the shape and scale parameter, respectively of a Gamma

distribution; and Γ (·) is a Gamma Function. The corresponding mean of the Bernoulli-

Gamma distribution is defined as µ = pαβ and the variance as σ2 = pα [1 + (1− p)α] β.

If an overdispersed Bernoulli-Gamma distribution is required, then only the variance

function has to be adjusted by a dispersion parameter φ [Chang et al., 2001].

For the simulation studies let µ be specified as

[2] µ = E [yi|xi] = exp (x′iβ)

where xi indicates a set of exogenous variables. Here, we assume two exogenous vari-

ables: a continuous variable x1
i.i.d.∼ N (0, 1) and a binary variable x2

i.i.d.∼ U (0, 1), where

P [x2 = 1] = 0.4. The corresponding parameters β0, β1 and β2 are set to 1, 0.25 and 0.25,

2Our model is insofar a simpler version of Santos Silva and Tenreyro [2011] as we abstract from
heterogenous firms. For our simulation studies this should not matter.
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Table 1: Results of Simulation Studies

n = 1.000 n = 10.000

β̂1 β̂2 β̂1 β̂2

Bias S.E Bias S.E. Bias S.E. Bias S.E.

Case 1: non-dispersed variance

bimodal 0.2498 0.0057 0.2502 0.0114 0.2498 0.0057 0.2500 0.0114
unimodal 0.2495 0.0057 0.2486 0.0114 0.2495 0.0057 0.2486 0.0114

Case 2: dispersed variance

bimodal 0.2496 0.0180 0.2475 0.0360 0.2498 0.0057 0.2501 0.0114
unimodal 0.2460 0.0180 0.2454 0.0362 0.2497 0.0057 0.2489 0.0114

Notes: Entries are the average estimates over 10000 replications. Sample size n
is 1000 and 10000. True values: β1 = β2 = 0.25.

respectively. In addition, the probability of zero trade flows p is set to 0.5.

Furthermore, let σ2 be specified as

[3] σ2 = Var [yi|xi] = ahE [yi|xi]

where ah once takes the value 1.25 and once 2.5. The former should give a bimodal

distribution, whereas the latter should give an unimodal distribution (see Figure 1).

In principle, the developed statistical setting here should reproduce a standard CES-

based gravity trade model.

3 Simulation Results

Our simulation results are represented in Table 1.3 We have compared always a bimodal

setting with an unimodal setting, once for a non-dispersed variance and once for a dis-

persed variance. For comparison, both a smaller simulations and a larger simulation are

done. In the former case the sample size equals 1000 and in the latter case 10000. For

each simulation always 10000 replications are done.

Our simulation results clearly indicate that PPML also performs quite well even under

bimodality and bimodality and overdispersion. Interestingly, the performance is even bet-

ter compared to the unimodal case. Nevertheless, PPML performs quite well, improving

with the size of replications.

That PPML performs so well even under bimodality is not totally unexpected, as Staub

and Winkelmann [2011] already show theoretically why PPML can even handle excess

3All simulations have been done in R. For random number generation we rewrite the function
rbgamma contained in the package CaDENCE [Cannon, forthcoming]. The modified rbgamma func-
tion is given in Appendix A.
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zeros well. Following the authors, excess zeros just affect the estimates of the intercept,

which is now a combination of the common intercept and a zero-inflation parameter. Staub

and Winkelmann’s simulations, however, have not focused on a bimodal distribution.

Our simulation results once more emphasise how well-behaved PPML is in general.

4 Conclusions

In this paper we have analysed again the performance of Poisson Pseudo Maximum Like-

lihood (PPML) but in the light of a bimodal distribution. For the simulation studies we

applied a Bernoulli-Gamma distribution, which has an intuitive economic interpretation.

Our results are again a confirmation of the results of Santos Silva and Tenreyro [2006,

2011]; PPML is also a well-behaved estimator for bimodal distributed trade data, even

under overdispersion.
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A R-Code for (Dispersed) Bernoulli-Gamma Random Number
Generation

r.bgamma.disp.alt <- function(nn,mu,sd,phi,disp){

# This R-Code produces random numbers for a (dispersed) Bernoulli-Gamma

# distribution

# nn : random numbers to be generated

# mu : mean value

# sd : standard deviation

# phi: probability of zeros

# disp: dispersion parameter, < 1 underdispersion & > 1 overdispersion

library(CaDENCE) # load package, including function rbgamma

# aa : shape parameter; ss : scale parameter

aa = mu^2 / ( (disp * phi * sd^2) - ((1 - phi) * mu^2) )

ss = ( (disp * phi * sd^2) - ((1 - phi) * mu^2) ) / (phi * mu)

rbgamma(nn, shape = aa, scale = ss, prob = phi) # random number generation

}
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