Supplementary materials for
“Smoothing parameter selection in two frameworks for
penalized splines”

Tatyana Krivobokova *
Georg-August-Universitat Gottingen

12th October 2012

1 Estimating equations and their derivatives

In the following 98,/0\ = —A7'(S) — §3) will be used.
1.1 Mallows’ C,

The Mallows’ C), is defined as

Cy(\) = %Yt(In 8%y {1 + M} |

n

Its estimation equation (obtained as A/2 9C,(\)/0A) will be denoted by T¢,(A), which,

together with its derivative, is given by

1 2tr(S tr(S, — S5
e = i ssr {10 2Oy, sy OS]
L) = -y 2 2vy (SN o ) )
Cp( ) = W Y'(I,— S,)(S\—3S))Y — - Yi(I, — S,)*I, — 68, +6S2)Y
2 3
+ @Yﬂn — 5,)°(3I, —4S,)Y — %wun - SA)2Y} _
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1.1.1 Frequentist model

Let find the expectations of T, (\) and Tép()\), as well as the variance of T¢,()), under

the frequentist model (1), that is for Y with E;(Y) = f and var;(Y) = o%I,,.

By {Top0) =[£I~ $0%8:f = oue{(I, — 8,)83)
+ @ {o*tr(28\ — 383+ S3) + f'(I, — S,)>S\f}
- M st 1 - s
BTN} = o[£~ 8278y~ 381 F — o*tr{(L — 528320, — 35))
+ tr(f Y £020(88, — 1982 + 1883 — 68Y) — F1(T, — S P(I, — 68, + 82)f}
- @ {o?tr(108) — 1155 +453) — f'(I, — S,)*(3I, — 48, f}
+ % {o*tr(28, — 83) — (L, — S2)*F} .

Under assumptions of Gaussian errors, one finds

202

var {Tep(V} = o (o*t{(T, — 83183} + 24 (1 — $)'S3f
+ @{1 +t2(Sy)/n} [o2tr{(I, — S,)*S2} + 2£ (I, — S»)* S f]
2tr(S)\ — Sz)

— 7)\{1 + 21]1”(5)\)/71} [O’Qtr{<In — S)\)4S)\} + 2f(In — S)\>4S,\f:|
tI‘(S)\ — S?\)Q

+ o

{o*tr(I, — S\)* + 2f (I, — Sy)* f}),

using var;(Y'AY) = 20%r(A?) + 402 f'A*f for any n x n matrix A. If normality
of errors is not given, but Es(e}) =: gy < oo can be assumed, then var;(Y'AY) =
20r(A%) + 402 fL A2 f + (g — 30*)tr(A o A), for o denoting the Hadamard product (see

e.g. Wiens, 1992). Hence, var; {T¢,(\)} has an additional term, which, using the linearity



of the Hadamard product, can be written as

(14 — 30 [tr {(I, — 8,)%8s o (I, — 5,)25,}

n 4t1"§15)\){1 + 2tr(S,) /n}tr {(In — 8,)%8, 0 (I, — S)\)2S)\}
- M{l +26(8)) /mbtr {(L = $2)*Sx o (I = S1)°}
v MO S (1, - s e 1, - 507 .

To simplify all above expressions, note that tr(S%) = constA=/(9 and \=1/p=1 = o(1)

due to (A3), as well as

& RO 1
I (I, — SA)mS f W +n I{l:O}ﬁ‘ft<In — ‘I’k‘I’Z)f
i=1 v
k+p+1 )\n ) _
~ ot Z b2nn —1 - ;m ez O (K7m) = 0(n) + 0 (k72n),

for any m = 1,2,... and [ = 0,1,.... Here n~'f(I,, — ®,®.) f is the average squared
approximation bias, see Claeskens et al. (2009).

Next, the diagonal elements {(I,, — S,)*S,};; = Zf;’;:ll 2:(Anm;)? (1 4 Ann;) %, so that

n k+p+1 2 (\n : 2 2
tr{(In_SA)2S/\O(IR_S>\)2S>\} - Z{ Z %}

j=1 Ui=g+1

< [r{( - S5 D fmax g} = O (™A,

j=1
since qﬁ?i = O(n™') by definition. Similarly, one can show that the terms containing
{(I,—8,)?};; =1— ZHPH -+ Zfﬁfﬂl %(Ann;)?(1 + Ann;)~* are also negligible.

Hence, both for Gaussian and non-normal errors with E;(e}) < oo, it holds

B AT} = [T 8378,0f — ol (T, — 8:)83) +o(1)].
B {7,0) = % [Pt {(I, — 8232, ~ 382)) — /(L — $:)%(S, ~ 383 f +0(1)].

var; {Top(\)} = 27;’ [2f (1, — $.)S3F + Ptr{(L, — 8283} +o(1)].



Note that other popular criteria like generalized cross validation (GCV) by Craven and
Wahba (1978) or Akaike information criterion (AIC Akaike, 1969) are asymptotically
equivalent to Mallows’ C),, so that all subsequent results for Mallows’ Cp hold also for

these criteria. Indeed,

GCV(\) = n'YYI,— 8,)*Y{l —tr(S,)/n}?
= n Y'Y (I, — 8,)*Y {1+ 2tr(Sy)/n + 3tr(S))?*/n*+ ...}
exp{AIC(\)} = n'Y'(I, — S)\)*Y exp {2tr(S))/n}

= n 'Y (I, — S\ Y {1 +2tr(Sy)/n + 2tr(S\)?*/n* + ...},
where tr(S5)?/n? = const A"V~ = o (tr(S))/n).
1.1.2 Stochastic model

To find expectations and variances under the stochastic model (4), that is for Y ~
N(X 3,02, + 02R) (R is defined in the proof of Theorem 2), note that for any m =

1,2,...and [ =0,1,...

By {YT(I, - S,)"SLY} = o2te{(I, — 8,)"S\} + otr {Cb’cf(_rn - SA)’”SZA}

tr {(fié —¢cD ¢H(I, - sk)msg}
X 1+

tr {Cf)’ct(ln . SA)mS‘A}
— o2r{(I, — S))"SL}

+ oo [tr{(L, — S)\)" 'S\ — qLpeyy] {1+ 7(1,m)},
where

tr{CD C(I, ~ 8,84 } = n [tr {(L, = 83" 'S5} = algony]



has been used and

tr{(ﬁ—Cﬁ_Ct)(In—S/\)mSl/\} - {0(1), l,mEN
tr {Cf)_Ct(In - sk)msg} o (ATHV@)) =0, meN’

r(l,m) =

is shown to hold below. With this,

Bs {Tep(N) =~ [0%(S3 — §3)o(1) + (024 — 0%)tn(S3 — 8] {1+ 0(1)},

n

B (70,00} = 1 [o760(83 — 83 + (720 — o)e{ (8 — 83383~ 82} {1+ 0(1)},

n

varg {Te,(\)} = %tr{([n 80282 H{1 + o(1)} + 2T =)

n2

x [o—gm tr{(I, — )84} + o%tr{(I, — 8,)2S3 (21, — sA)}} {1+ 0(1)}.

Since A, = o?/(02n) = Ap{1 + o(1)}, all terms with the multiplier (62As,n — ¢?) in
Es {Tcp(Air) }s Es {Te, (M) } and varg {Tep(Agr) } are asymptotically negligible.

Let now show the order of (I, m). With the Demmler-Reinsch basis, one can represent
R = ®, diag(n;, )P’ , as well as CD C'= &, diag(n, )P}, where the eigenvalues i, =
(0,4, n,;éﬂ, . ,nk_,,lﬁpﬂ)t, n,, = (04, 77;,}#17 - 7p)t and @, corresponds to the Demmler-
Reinsch basis for k& = n. Denote also @y, = ®,®, a (k + p + 1) x n semi-orthonormal
matrix, such that @, ®; =T ktp+1. With this,

tr [{®yndiag(n, )P}, — diag(n) } diag { (\nn,)" (1 + Anm)~ ™ ]
A tr{(I, — Sy)m185}

tr{(diag(n, ) (Ln — @}, Prn)}
an tr{(I, — Sy)m-185"}

r(l,m) =

+ Ij=—o

First, consider the diagonal elements of {®y,diag(n,, )®}, — diag(n, )}, which are given

by <Z?’:q+1 {®rntinni — 77;:;) ., J=q+1,....k+p+1 The elements {®,};; belong
to a product of two Demmler-Reinsch bases at the same set of x-values but based on

a different number of knots: ®, and ®,. From the properties of the Demmler-Reinsch
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basis it holds that n,; = 1,:{1 4+ o(1)}, as well as ¢r; = ¢n:{1 + o(1)}, where o(1) is
independent of 4, for i = o{n* 7V} Hence, {®1,}2, = 1+ o(1) and {®y,}% = o(n™'),

i # j. Let fix an index j* oc n'/(9 50 that j* = o{n? 29t} is fulfilled. Then, for j < j*

n - B n (Z - q)_Qq B B
> A®w i —m = o(1) > ——5— +o()ng; = o(L)n, ),

2
i=q+1 im—qt1 c(p)*

implying

tr [{(I)kndiag(n;)an — diag(n;)} diag {()\nnk)m(l + )\nnk)f(um)}]

= o()An tr{I, — 8" 'S
since for j > j7* the sum components of the trace are negligible. Similarly,

n k+p+1
tr{(diag(n,, ) (I, — @}, Bra)} = > 1) (1 -y {%n}?j) =o(n7"),

i=q+1 J=q+1

so that 7(I,m) = o(1) for I,m € N and 7(0,m) = o(A'~"/(?) m € N.
1.2 Restricted maximum likelihood

The likelihood function for the model (5) is given by

—21(B,0%, 05, Y) =nlogo® +log |V, +0*(Y — XB)'V, (Y — X33),

) u?

with Vi, = I, + 02ZD~'Z"' /0. Plugging in 8 = (X'V'X)"'X'V;'Y, leads to the
profile likelihood for 0% and o2. However, 0 and A = 02/(no?) are better to be estimated

from the restricted profile likelihood (Patterson and Thompson, 1971)

—2lr(02,)\;Y) = —2l(§,02 JZ'Y)+log]02XtV;1X|

Y u’

Yi(I, - S,)Y

o2

= (n—gq) log o* + log \VAHXtV)_\lX] +



Since 53,;, = (n —q)'Y*(I,, — S,)Y, the profile restricted likelihood for \ results in
=20, (N Y) = (n—q)logY'(I,, — S))Y +1og |V,|| X'V 'X]|.

Its first derivative equals

oL\ Y) n—qY'(S,-8S)Y 1 o1 OV
A0 Rl — e (XVIIX) T XA X
) 2 Y'(I,-S)Y 2 (XViX) B))
B ltr VA(?V,\ _ n—gq YIS, - S})Y N tr(S,) — ¢
2 ) 2\ Y'(I, - S,)Y 2N

The estimating equation is now defined via

Y'Y, - 8)Y 9,(\Y)
n(n —q) O
1

= —[Y'(Sx- SVY —Y'(I, = S))Y {t2(S8)) — ¢}/(n — q)].

TML()\) -

The first derivative of Ty, () is given by

' 1 (S —
Th(N) = o {Yt(I"_S/\)S/\(In_QSA)Y—FYt(SA_S?\)Yr(n%)qq
_ Q2
- Y'(I, - SA)YM}_
n—q

1.2.1 Frequentist model

Let now find the expectations of Th;(\) and Ty, ()), as well as the variance of Thrr (),

under the frequentist model (1).

BTV} = =[5485~ 80F - o {1x(83) — 0}

tr(Sy) =4 {o*tx(8)) — o%q — (I — S\ f} ]

n—q

+



of {T]'WL()\)} - % [20—2tr(5§ —83) = fYI, — S8\, — 282 f

- SS s, —)+ pr, - s
(S, — 83
_ % {o*tr(8y) — o*q — f'(I, — S\ f} }

Under assumption of the Gaussian errors

varyg {Tur(\)} = 27: < 2tr{(I, — 8))*S3} +2f (I, — S»)*S3f

_ w [U%l"{([n . S,\)2S)\} +2ft(In i S,\)2S)\f]

o S =D g 02 421 — S0 ).

If the errors are not Gaussian, but E;(e}) = p4 < oo holds, then vary {Th/(A\)} has an

extra term given by

(,U,4 - 30’4> tI‘{(In — S)\)S)\ 0] (In — S)\)S)\}

- A —dby 8,0 (T, - 84}

n—q
80~ 0¥ rp _gyo(r
i e e S G AR VY 8 Sy

With the same arguments as in Section 1.1.1, one obtains

B {Tun(V)}) = 1[#(&—52) —UQ{tr(si)—q}ﬂ(l)},
BTN} = - [20%0(83 — %) — £1(T, — $08: (L, ~ 28 +0(1)].

var; {Tur(V)} = 27;’ 2f'(L, — 83)2S3F + o*{ur(I, — $,)283} + o(1)].

Now, it is easy to verify equation (6) of the paper

RO = E{Tur(N} = B {Tep(V)} = %[f'f(SA = S0f —o* {tr(S3) — ¢} +o(1)
— YT, — 8228 — o*tr{(I, — S))S2) + 0(1)]

= [F0 - 50837 — 0 {ix(8Y) — g} +o(1)]
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Note also E; [Y'(I, — 8,)S3Y — o?{tx(S3) — ¢}] = f'(I, — S)) S5 f — o*{tx(S3) — ¢}
1.2.2 Stochastic model

Applying results of Section 1.1.2 gives

Bs (TN} = {tr(Sx)o(1) + (02w — o?)tr(83) 1 +0(1)},
By {100} = S {i(sh) + (020 — o?)n(28] - 89 11 + 1)}

varg {Tyr(N)} = - [J4tr(5?\) — (02X — o) o*tr{S3(2I, — S)\)}

3

+ a2 (o n — az)tr(S‘f\)} {1+0o(1)}.

2 Detailed proof of Theorem 3

2.1 Proof for Xf

From the Taylor expansion 0 = Tcp(/):f) =Tep(Af) +Tép(X)(/):f — Ay), for some X between
A and Ay, it holds A; — Ay = —Te,(A\p) /Ty (V).

Showing

Top(Ar) = Ef{Tep(Af)} 2 A(0.1) and T, p

Jvar o, 0] B 1,00

would allow to apply Slutsky’s lemma and to conclude that

&_ D N(O var {Tcy(Ar)} )
(Af ) 7 EATL 0N

To find Ey {Tép()\f)} and varf{T¢,(A\s)}, Lemma 3 is applied to get

ft(In_SA)Q(SA_i%S%\)f‘)\:)\f - _2U2tr(s?\_Si)l,\:/\f{1+0(1>}a

ft(In_S)\)4S§\f‘)\:)\f = O<)\;2q> )



so that

By {Te )} = o (L, = S)SYAT, - 35}, {1+ o).
varg{Tey(A)) = 2 tr{( — $)*83}],_,, {1 +0(1)}.

Employing the formula

A2 Dim + 1/(29)}T{1 - 1/(29)
(o) 2q0(1 + m)

r{(I, — 8,78} ) = b1 o)),

as well as I'(1 4+ z) = zI'(z) and T'{1 — 1/(2¢)}1{1/(29)}/(2q) = 1/sinc{n/(2¢)} allows
to simplify

/ g2\ (29)-1 _
B {10} = T et D 1+ o),

nc(p)  16¢3 sine{n/(2q)
20072 (2 — 1)(2¢ + 1) (4 + 1)(6¢ + 1)

varp{Tey(Af)} = n? ¢(p) 384045 sinc{m/(2¢)} {1+ o0(1)}.
Consider now
A=);

= [Y'(I,— 8,)28,Y —5%tr(S, — S3)] \A:Af +0,(1).
One can also represent,

E; {nTe,(Ap)} = [f{ (I, — 82)°Saf + o*tr{(I, — 5,)>8,} — o*tx(S) — S3)] +o(1).

|A:Af

Denoting d; = 7", ¢r.i(2;)y;, such that Ez(d7) = b7 4 0%, and noting that 5° = {1 +

O,(n"'/?)}, define random variables &;

k+p+1 , , , <)\f 77‘)2 k+p+1
Top(Ne) — EdTe, (A = E di —b? — o) —L"2 — 1 0,(1) = i
n [ C;D( f) f{ CP( f)}] o ( i i ) (1 )‘fnni>3 OP( ) i§1 5 )

such that E;(&) = o(1) and s2 = Zfifjll vary (&) = 20*tr{(I,,— 8,)*S5}{1+0(1)}. Since

s2 = const )\;1/(261) and (/\}/(261)]{;)*1 — 0 according to (A2) and (A3), each vary(§;) = o(1)
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and there exist a constant B, such that E¢|§;|? = var;(&;)+o(1) < B,i = q+1,..., k+p+1.

With this, the Lyapunov’s condition

k4p+1 k4p+1

7 X Bl < Bt 3 el =Bt =0 (/™)

i=q+1 i=q+1
converges to zero as n tends to infinity. Thus, s,* Zfi;jll & 5N (0,1), or equivalently,
var ({Tep(A)} ™ [Tep(Ap) = Bp{Tep(Ap)}] = N(0,1).
Next is shown that A; —» ;. From var {Tc,(\)} = O (AYCDp=2) — 0 for n — oo,
it follows Tip(N) L E{Tc,(N)}, for any A satisfying (A3). It remains to verify that
Ef[Tep{\s(1 —2)}] < 0 < Ef[Tep{As(1+¢)}], for any ¢ € (0,1) (see Lemma 5.10
in van der Vaart, 1998). Let define B;(Af) and By(As) from the representation of

E{Tcy(Af)} in terms of the Demmler-Reinsch basis.

1
EfTe,(\)} = — [f'(Tu = 83)*8af — o*tr{(L = $:)83} +o(1)] |,
+p+1 N lq
_ l Z b3( >\fm7z B 02)\f2 c(q,2, K,) ‘o (n_l)
n (14 Apnn;)3 4qc(p)n
= Bl()\f) — Ba(g) +o(n7),
where B1(Af) — B2(Ay) = 0 by definition of A;. Then,
Eacaer
b2{ (1 —e)nm; }?
EfTop{ (1 — = —
#Tep{As(1 - €))] Z ey
2/\ 1/(2q) o(q,2, K,)
— 1 — 2q i 4 -1
(1—e)” 4gne(p) to(n™)
- 2 kfl )\fﬂﬁz ik%l ]+2 ] —|—1)b2()\fn77 )2+j
B — —l—)\fmh 3 = o e7I2(1 4+ Apnn;)3+

1

— (1—¢)72 By(\p) +o(nY)

> 53(]+2 (G+1) f'I,— S\)* S\ f
{1 * 2 F(I, - 5,25,f

— (1—8) QQBQ)\f +O( )

= (1—8 Bl )\f

A=Ay }

J
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Since 3277, €7(j +1)(j +2) = 2¢(¢? =3¢ +3)(1 —¢)~* and according to Lemma 3 it holds

that f'(I, — S,\)2+1SAf|A:)\f =o(1) f(I, — S,\)ZS,\f’/\:/\f, one gets

BslTop{A(1—2)}] = (1—2)Bi(A) {1 +0(1)} = (1—2) % By(\y)

= (1-)’Bi(\) {1 (1) T4 o<1)} <0,
for n — oo. Similarly,
Bf [Top{Ar(1+9)}] = (14+2)Bi(0y) {1 = (14+) > +o(1)} >0,

for n — oo, so that /):f 2, Ay follows.
Let now consider Tép(T)\f)/Ef{Tép()\f)}, where 7 € [1 — ¢,1 + ¢] for any bounded & > 0.
It is easy to see that, since vary {T¢, (TAs)} = (TA;) 727 @Dn"2const{1 + o(1)},

T, (TAs)
Ef {T¢,(Ar)}

vary =0 ()\;/(2'1)) —0, n— .

Also, using Lemma 3 and the same arguments as in the proof of Xf L\ I3

0_2

/ _ T 2 @3 . 2 2 Q3
By {T0,(TA) ) = yer T {(S3 - S, — 38,)} + 732u(S5 - SY)|

1 o()

/ Ag T+ 7171/ (29

where

g+ 1 —e{1-1/(29)} +O(¢?), for T=1—¢
4q+1 ) 1+e{1-1/(29)} + O(?), for T=1+¢"
so that for any fixed 7 € [1 —¢,1 + ¢] it holds T’Cp(T/\f)/Ef{Tlcp()\f)} 1, as n — oo
Since P(|X/Af — 1] <e) = 1 for n — oo and any € > 0 due to :\\f LN Ay, it follows
To,(N)

P
——— =1, n— .
By {Te,(A\r)}

12



Putting all together and applying Slutsky’s lemma gives

<A—f - > 2N (0,2)\}/(2[1)0(/))81110{71'/(2(1)}q(12q 80+ 1))

15(8¢%2 — 2¢ — 1)

2.2 Proof for Xr‘f

Proof for /):T| ¢ follows the same lines, using equations derived in Section 1.2. Consider the
first order Taylor expansion 0 = Ty (\,) = T (M) + Ti (N, — Arif), for some by

between XT and A,y and show that

ToalOois) “EATusOn} 2 i 1) g — D)2
vvar {Tnr(Aig)} — N(0,1) B, {Th, )] — 1.

Applying Lemma 3 to see that

(I, — 8\)8\(I, — 25)\)f|>\:>wf = —o? {tr(8%) - Q}|A:AW {1+o(1)},

P = S\Si L, = o (A;}/<2q>> ’

and simplifying Gamma functions results in

B {ThOi) | = Py g {1+0(1)}

FmLns nelp)  4g? sine{m/(2q)} ’
204/\;1/(2‘1) Ag? —

Varf{TML()\r\f)} = c|(p) VEWE SiiC{W;@q)}{l—i—o(l)}.

Consider now

n Tar(Arjp) = {Yt(In —5,)8,Y — Y (I; : qSA)Y{tr(SA) - q}} -
= [Yt(S/\ - Si)Y - UZ{tr(S)\) - QH |/\=/\r\f + 0p<1>

Ef {n TML(>\7‘|f)} = [ft<S)\ - Si)_f + 0'2tr(S/\ - Si) - UZ{tr<S)\) - q}} ‘)‘:)‘rlf + 0(1)

13



Define random variables &; by

ktp+1 A, Ftp+1
n [TaurOip) = EATur )] = > (47 =5 = 07) m o) = > &,
i=q+1 t i=q+1

such that E;(&) = o(1) and s2 = thﬁl var(&;) = 20*tr{(I,,—S,)?S5}{1+o(1)}. Since
s = const )\;1/(2q) and ()\;/(2‘1)14:)_1 — 0, according to (A2) and (A3), each var(&;) = o(1)
and there exist a constant B, such that E;|&[* = vary(&)+o(1) < B,i = ¢+1, ..., k+p+1.

With this, the Lyapunov’s condition

k+p+1 k4p+1

n N - 1/(2
s Y Eflalt < Bt Y EBflel = sy =0 (W)

i=q+1 i=q+1
converges t0 0, n — oo and [varg{Tar.(Aris)}] /2 [Taie(Mrip) = Ep{Tarr (Arip) ] N N(0,1).
Next is shown that A, 2> Arjp- From varp{Tarr(A)} = O (A"YCDn=2) — 0 for n — oo,
it follows T () LN E{Tyr(N)}, for any A satisfying (A3). It remains to verify that
E; [Tvr{ (1 —€)}] < 0 < B [Tyr{As(1+¢)}] for € € (0,1). Define B;i(\y) and

By(Ayiy) from the representation of E {7 (A,y)} in terms of the Demmler-Reinsch basis.

SIH

Eges — 880 f — o*{te(S3) — ¢} + of )”/\=>\r|f

1 A b12>\r|fn7h 0-2>\7"_|f/ g C(Qa 27 Kq) -1
= = Z 5~ +o(n")
no= (14 Aypnm) c(p)n

= Bi(Avjp) — Ba(Apyp) +0(n71),

E{Tur(\f)} =

where By(Arf) — B2(Arf) = 0(n™!) by definition of X, ;. Then,

k+p+1 b2 7“|f 1 _ 6)717%
Ef[Tu{ (1 =2)}] = Z {1+ \yn(1 —e)mi 2

o s B2 Ky
nelp)

o) (n_l)

_ i I — 8\ 8\ f
= (1—¢)’Bi(\yy {1+Z]+1 (I, — 55)S\f

- (1—¢) % By(Arjp) +0(n7h).

A=Ay }
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Since 377, (j + 1)/ = (2 — ¢)(1 — )72, and according to Lemma 3 it holds that
fir, - S,\)1+1S/\f’/\:/\r‘f =o(1) f(I, — S,\)S,\f‘)\:/\rlf, one gets
_2g41
Ef[Tar{s(1 =)} = (1=2)*Bi(Ayg) {1+ 0(1)} — (1 —e)” > Ba(Ay)

= (=B {1- (-2 5 o))} <0,
for n — oo. Similarly,
By [Tun{As(1+ )} = (L+ &2 Bi(p) {1 = (L4+6) 7% +o(1)} >0,

for n — oo, so that XT 2, Arjy follows.
Let now consider Ty, (TAr)/Ef{Th(A\s)}, where 7 € [1 — &,1 + €], for any bounded

e > 0. It is easy to see that, since vary { Ty, (TAyr) } = (TAry) 290 "2const{1+0(1)},

T]I\4L<7_)‘T|f)
Ef {TZ,\/[L()‘TU)}

var f

=0 (Ail/f(%)) — 0, n— oo.

Also, using Lemma 3 and the same arguments as in the proof of X,n LN Arifs

2

’ _ o T 2 Q3 2 2\
B {Tun(hin} = 5 [t - s+ s -] o)
, 2q T 4+ 7 171/(20)
= E{Ty(Anp)} {1+o(1)},

2¢+1

where

2T +7 17V f1-e{1-1/(29) —1/(2¢+ 1)} + O(e?), for T=1—¢
29+ 1 1 +e{l—-1/(29) —1/(2¢+ 1)} + O(?), for T=1+¢’

so that for any fixed 7 € [1 —&, 1 +¢] it holds Ty, (A7) /E{Thrr (Arip) 21, as n— 0.

Since P(|X/)\,~‘f —1] <¢) = 1 for n — 0o and any € > 0 due to XD Arlf, it follows

!

Tar V)

P
Ef {TJI\4L(>‘T|f)}
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Putting all together and applying Slutsky’s lemma gives

12¢> — 3

/XT D 1/(2q .
(Ar|f - 1) >SN (0,2)\/]5 )c(p)81nc{7r/(2q)}L> _

3 Detailed proof of Theorem 4

3.1 Proof for /)\\f

All the steps of the proof are the same as in Theorem 3, that is one needs to show

Té'p()‘> P

Top(Apir) — Es{Tep(Apr)} o
Es {T¢,(Apr) } b

\/Varﬁ{TC’p()\f‘r)} — N(O7 1) and

for some X\ between /):f and Ag,. Simplifying Gamma functions in the expressions for

Eg {Tép(Afh")} and varg {Tc,(Asr) } obtained in Section 1.1.2, results in

02/\—1/(2‘1)—1

B {To 00} = T e e {1 oD,
04\~ 1/(20) -
varg {Tep(Asp)} = n? j;l(rﬂ) 483 jiic{ﬂ}(%)} o)

Consider now

n TCp<)\f|r> = [Yt(In — S)\)2S)\Y — 0'2tI'<S)\ — Si)] |>‘:>‘f|r + Op(1)7

By {n Top(A\pir)} = o*(Sx = 83|, o(D).

For d; = 370, ¢r.i(;)y;, such that Bs(d?) = o?Agnn;(1+Agpnn;) ~ {1 40(1)}, let define
random variables &; by

k+p+1
0 [TeyO) — BT 0n)] = 3 [df—a
i=q+1
k4p+1

= Z &,

i=q+1

o L+ Apppnm;

o ()\flrmh)2 o
P CR G Fr vwrre - BALLCS

(14 Agppnm)®
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with Eg(&) = o(1) and s2 = thﬁf varg(&;) = 20tr{(I, — 8,)2S3}{1 + o(1)}. Since
s = const )\;li/(Zq) and ()\}l/f@k)_ — 0 according to (A2), each varg(&;) = o(1) and there
exist a constant B, such that Eg|¢;|? = vars(&) +0o(1) < B, i =q+1,...,k+p+1. With

this, the Lyapunov’s condition

k+p+1 k+p+1
st ) Eslgl < Bsyt ) Eslgl? = Bs;? =0 (A7)
i=q+1 i=q+1

. . _ Kk 1 D
converges to zero as n tends to infinity. Thus, s * Zi:qul &

[varg{Tep(M )} 72 [TepOgie) — Es{Tep (M) }] B N (0, 1).

Next is shown that /)\\f LN Agr- From varg{Te,(\)} = O (A"V/CDp=2) — 0, for n — oo

N(0,1), or equivalently,

it follows Tep(N) i Es{Tcp(N\)}. It remains to verify that Eg [T, {\p, (1 —¢)}] <0 <

Es [Tep{Asr(1 + €)}], for any € € (0,1). Indeed,

s |9,

Es[Top{App(L—€)}] = —(1—e)7V® (85— S)[,_ A

tr(S3 — S3)
x |o(1) + {2 X, (1 — €)n — o2 A A 1+o(1
R I e N LR
2 @3 2 _ g2
- {—e S o<1>} e AL
tr(S)\ - S)\) A=Ag) n<1 - 8) =Afir
for n — oo, where 0 = o2\ g, n{l + o(1)} is used. Similarly, for n — oo
EslTop{ (1 +2)}] = LG ) +o(1) 7*tr(5, — 55) >0
BLLCPALASf|r tr( S _Si) .y n(l+ &)1/ N .

Let now consider T, (TAsr)/Es{T¢,(Asr)}, where 7 € [1 —€,1 4 €], for any bounded

e > 0. It is easy to see that, since varg {Ty, (TAg,) } = (TAg,) 2700 2const{1+0(1)},

=0 </\}‘/£2q)> — 0, n— oo.

Also,
B {70, () b = B {T0,000) b r 7V [t (7 = {1 = 1/(20)}} {1 + (1)},
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where

1+e/q+0(e?), for T=1—¢
1—¢/q+0(e?), for T=1+¢’

TV (1= 1D){1-1/(29)}] = {

so that for any fixed 7 € [1 —¢,1 + ¢] it holds Tép<T)\f|T>/E5{Tép<)\f|r)} 21, as n— oo.
Since P(|X/)\f|r —1] <¢) = 1 for n — 0o and any € > 0 due to /):f LN Aflr, it follows
Tep(M)

B {Tep(Asir) }

Putting all together and applying Slutsky’s lemma gives

(Af . 1) 2 N (0,20 cppsincn/ 20} o).

2.

3.2 Proof for XT

One needs to show
TN p

TarON) — Es{Taur (M)}
Eg {Thp(Ar)} b

NI ETONY — N(0,1) and

for some A between XT and \.. Simplifying Gamma functions in the expressions for

Es {Ty;,(\)} and varg {Thr(A.)} obtained in Section 1.1.2 results in

) 0.2)\;1/(2@—1 2 — 1

By {1, O = _ 1+ o(1)},
6{ i >} nec(p)  2q 31nc{7r/(2q)}{ +oll)}

204/\;1/(2(1) 2qg — 1

w2 clp) 2 sine{r/(20)}

varg {Tvr(\)}

{1+0(1)}.
Consider now

nTur(\) = [Y'(Sy—S3)Y — o*tx(S))] ‘A:mr + 0p(1),

Es{n Tar (M)} = o*tr(Sy)],_, ol1).
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For d; = 377, ¢ri(2;)y;, such that Bs(d?) = o*Xonn;(1+ Aonn;) {1 + o(1)}, let define

random variables &; by

k+p+1
n D) — BT} = 3 {d?—a
i=q+1
k+p+1

= Z fia

1=q+1

o 1+ A\nm;
Arnni

()‘rnm)
(1 4+ \onm;)?

{1+0(1)} + 0,(1)

with Eg(&) = o(1) and s = Zfiqull varg(&) = 20%r(S3){1 + o(1)}. Since s2 =
const Ay /7 and ()\71«/(2@1{:)’1 — 0 according to (A2), each varg(§;) = o(1) and there
exist a constant B, such that Eg|¢;|? = varg(&) +0o(1) < B, i =q+1,...,k+p+1. With

this the Lyapunov’s condition

k+p+1 ktptl

—4 - Ealé |t < Bs—4 - Eq.l&1%2 = Bs—2 = O (\V/(29)

Sn Z ﬂ|£l| < Sn Z ﬂ|§l| =bs, = (T )
i=q+1 i=q+1

k+p+1
1=q+1

ars{Thrr (M)} [Tarn (M) — Es{Tur (M)} = N(0,1).

Next is shown that A, —» A.. From varg{Ty.(A)} = O (AVCDp=2) — 0 for n — oo,

converges to zero as n tends to infinity. Thus, s;' > & DN (0, 1), or equivalently,

it follows Ty, (N) 7, Es{Tapr(N)}. It remains to verify that Eg [Th{ (1 —¢)}] <0 <

Eg [Tvr{ (1 +¢)}], for any € € (0,1). Indeed,

tr(S2) otr(Sy)
Fy [T, 1- - n(1 —¢)t/@)
sl T {1 —¢)}] { 3 (S|, +o(1) n(l—e)V/@|,_ <0,
for n — oo, where 0 = o7\, n{1 + o(1)} is used. Similarly, for n — oo
tr(S3) o’tr(S))
Es[Tyr{ (1 +¢)}] {5 tr(S,) e, +o(1) m A=A, -0

Let now consider Ty, (7A.)/Eg{Ty; ;. (A)}, where 7 € [1—¢,1+¢], for any bounded ¢ > 0.

It is easy to see that, since varg {Ty,(TA,)} = (TA,) 727 Y/2Dn"2const{1 + o(1)},

TJI\/[L(T)‘T)
Eﬁ {TZI\/IL ()‘T) }

var 8

] =0 ()\71/(2@) — 0, n—oo.
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Also,

o {Thn(rA)} = B {Th ) 7770 14 (7 = {1 = 1/20)}] {1 + (1)},

where

14+¢e/qg+0(?), for T=1—¢
1—¢/q+0(e?), for T=1+¢’

T**W”D+@=4H1—U@®H={

so that for any fixed 7 € [I — ¢, 1+ ¢] it holds Ty, (TA)/Es{ Ty (M)} 21, as n — oo

Since P(|A/A, — 1| < &) — 1 for n — 0o and any £ > 0 due to X DA, it follows

T (V)
Eﬁ {TJ/\/[L()‘T) }

Putting all together and applying Slutsky’s lemma gives

2.

(i_ - 1) DN <o,2A,{/<2Q>c(p)sinc{7r/ (20)}5 2 ) :

T q—l

4 Data-driven selection of ¢

Using the same functions f; and f, and the same setting as in Section 4 of the paper,
R*(q) was calculated for ¢ = 2,3,4,5 and two sample sizes n = 350 and n = 1000, fixing
the number of knots at kK = 40. The results from 500 Monte Carlo replications are shown
in Figure 1 and agree with the simulation results from Section 4. For f; using ¢ = 3 or

=4 for n = 350 and g = 4 for n = 1000 seem to do best, since the corresponding |R*(q)|

is smallest. For f, using ¢ = 4 is more advisable.
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Figure 1: Choice of the
(middle plots) and n =
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