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One-dimensional harmonic analysis

Single-channel signals
f:lCR—=R

(e.g., audio signals) have been successfully treated using the tools
of harmonic and complex analysis:

@ Fourier transform: ?({) = f_oo f(t)e*27rit£ dt

[e.9]



One-dimensional harmonic analysis

Single-channel signals
f:ICR—-R
(e.g., audio signals) have been successfully treated using the tools
of harmonic and complex analysis:
o Fourier transform: f(¢) = [ f(t)e 2™ dt
o Filtering/convolution: f x g(t) = [*_f(s)g(t —s)ds

e Convolution theorem: ﬁk\g(f) = IA‘(E)Q(S)



One-dimensional harmonic analysis

Single-channel signals
f:lCR—=R

(e.g., audio signals) have been successfully treated using the tools
of harmonic and complex analysis:

o Fourier transform: f(¢) = [ f(t)e 2™ dt

o Filtering/convolution: f * g(t) = [*_f(s)g(t —s)ds

—0o0

e Convolution theorem: f x g(€) = 7(£)&(¢)
@ Short-time Fourier transform, continuous and discrete wavelet
transform, etc.



One-dimensional complex analysis

o Cauchy integrals: f € L% — Cf(z) =




One-dimensional complex analysis
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e Cauchy integrals: f € L? +— Cf(z) = o > ) dx
T X—z

e Projections: PEf(x) = lim,_,o+ Cf(x % iy)
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One-dimensional complex analysis

I

Cauchy integrals: f € L%+ Cf(z) = 57
i

Projections: PEf(x) = lim,_,o+ Cf(x % iy)

PrH(e) = 1( IEI)f(s) H() 100 ()

P* bounded projections: [< ’;)]
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P+ orthogonal projections: <1 + |§|> <

Hardy spaces: L? = H2 & H? where H3 =

OOX_

=2

1—- >
€]

Pi L2

f(x)

z

-0

dx

)



One-dimensional complex analysis

1
e Singular integrals: P* = 5(/ + iH) where H is the Hilbert

transform .
Hf(x) = lim / ﬂ dt
|
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One-dimensional complex analysis

1
o Singular integrals: P* = 5(/ + i) where H is the Hilbert

transform .
Hf(x) = Iim/ () 4
|

e—0 x—y|>e X —t

@ Analytic signal:
f.(t) = F(t) + iHf(t) = |f(1)]e®) = 2P+ (t)

Local amplitude |f5(t)]; local phase 6(t)

Example: f(t) = e ™ cost — f(t) = e et
Local amplitude e~™"; Local phase 6(t) = t.



Multichannel signals
Our treatment of signals f : Q C R” — R™ is generally ad hoc.
Example: n =2, m = 1: grayscale images

Tensor product constructions — Fourier analysis (convolution
theorem etc) ok, but complex analysis not so good:

F(&1,&) = FFif(&,&)
HE(x1,x0) = HoHif(x1, x2)



Multichannel signals

Our treatment of signals f : Q C R” — R™ is generally ad hoc.
Example: n =2, m = 1: grayscale images

Tensor product constructions — Fourier analysis (convolution
theorem etc) ok, but complex analysis not so good:

F(&1,&) = FFif(&,&)
HE(x1,x0) = HoHif(x1, x2)

Example: n =2, m = 3: colour images

Even Fourier analysis breaks down here:

o f(y f e 2 f(x) dx = (R(y), G(y), B(y))
o fxg(x) = [ f(t)g(x — t) dt not defined



Wish list

We want to

@ Inject multichannel signals into an algebra that allows
products of functions;

e With this algebraic structure, define a Fourier-type transform
which maintains the useful covariances of the classical Fourier
transform

@ Build signal analysis and processing tools (wavelets etc)
around the Fourier transform

@ Build signal analytic tools analogous to the analytic signal for
extracting local amplitude and phase information



Clifford algebra




Clifford algebra

e {e1,er,...,eq} an orthonormal basis for RY. Imbed R into a
29-dimensional associative Clifford algebra Ry



Clifford algebra

e {e1,er,...,eq} an orthonormal basis for RY. Imbed R into a
29-dimensional associative Clifford algebra Ry

@ Basis for Ry is {ea; AC {1,2,...,d}}

e{jlij,-..,jZ} - ejl ej2 - ej[

eg = e =1 (identity), eJ-2 =-1

€jex = —€EkEj (J;ék, j,kE{l,Z,...,d})



Clifford algebra

e {e1,er,...,eq} an orthonormal basis for RY. Imbed R into a
29-dimensional associative Clifford algebra Ry

@ Basis for Ry is {ea; AC {1,2,...,d}}
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eg = e =1 (identity), eJ-2 =-1
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Clifford algebra

e {e1,er,...,eq} an orthonormal basis for RY. Imbed R into a
29-dimensional associative Clifford algebra Ry

@ Basis for Ry is {ea; AC {1,2,...,d}}
€2, e} — €12 €y
eg=e =1 (identity), e?=—1

J
€j€k = —€EKE) (J#kv j7k€{1327--'7d})

o Ry={> sxaeaixa € R} =N BN D---BNg =N B,
o Cqy=1{> pzaea;za € C}
o If xzj‘-jzl xjej, y = Zleyjej are vectors, then

x> =—|x?and xy = —(x,y) +x Ay € Ng @ Ay



Examples

e m =1, basis {ep, €1}, elements
u=ap+aer, v=by+bie

e multiplication: uv = aghy — ai1b1 + (a1bo + boai)ei, i.e.,
R; =C
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u=ap+aier, v=by+bie

e multiplication: uv = aghy — ai1b1 + (a1bo + boai)ei, i.e.,
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@ multiplication:
2 2 2
e =6 =e5=—1, eley = &3, €3] = &, @3 =€
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Examples

m =1, basis {ep, e1}, elements
u=ap+aier, v=by+bie

(]

multiplication: uv = agbg — a1 b1 + (a1bo + boai)ey, i.e.,
R; =C

e m =2, basis {ep, €1, &2, €3 = €12 = e1 &2}, elements
qg=a+ be; + cey; + des

multiplication:

2 2 2
e =6 =e5=—1, eley = &3, €3] = &, @3 =€

i.e., R, = H, the set of quaternions

d = 3, basis {eg, e1, &, €3, €12, €3, €31, €123 }
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e We say f is (left) monogenic on Q if Df =0 (or Of = 0)



Dirac operator

We consider functions f : R — Ry, i.e., f : R — C,

o
f:R2 > H, f:R>— Rs.

f
o If f:Q CR?I— Ry, then szzf_lejg
Xj

of of

. d+1 _ Y d .70

o If f:QCR %Rd,thenaffaxo—l—zjzlejaxj

We say f is (left) monogenic on Q if Df =0 (or Of = 0)
f:RYL SRy =C, f(x,y) = u(x,y) + erv(x,y)

af—g—i-eg— u _ov +e @—i-@
- Ox 18y_ ox 0Oy ! Oy  Ox

So monogenicity = complex analyticity



Why Dirac operators?
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Why Dirac operators?

o H E:Q c R3— R3 vectorfields
H = Hiey + Hrer + Hzes;  E = Ejexs + Epes; + Ezern

F=H+IiE:Q—C3s
@ Perturbed Dirac operator: (D + A\)F =0 <=

divE =divH =0, curlE —iAH =0, curlH+iAE =0

@ Dirac operators factorize the Laplacian and the Helmholtz
operator:

D? = —A; (D + ik)(D — ik) = —A% + k2

@ Monogenic functions and Dirac operators play a fundamental
role in electromagnetic/acoustic scattering theory.



Hypercomplex function theory

@ Q a domain in R"” with Lipschitz boundary, f left monogenic
in Q, n(x) the outward pointing normal to Q at x € 9Q and

G(x) = XL
R"\ {0} and

Then G is left and right monogenic on

L[ 6= y)n)f(y) doty) = £(x)
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Hypercomplex function theory

@ Q a domain in R"” with Lipschitz boundary, f left monogenic
in Q, n(x) the outward pointing normal to Q at x € 9Q and

G(x) = H%H Then G is left and right monogenic on
X
R™\ {0} and
1

— | G(x—=y)n(y)f(y)do(y) = f(x)
Wn JoQ

@ Also have analogues of Liouville's theorem, mean-value
theorem, Taylor theorem

@ The product of monogenic functions is in general not
monogenic!
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Basic Operators of Clifford Analysis

Angular momentum operators: Ljj = xj0; — xj0; (1 <i,j < d)
Angular Dirac operator: '=—3"1; -4 €ieLj

Position operator: Qf(x) = xf(x) = Q2f(x) = —|x|?f(x)
Commutation Relation: [D, Q] =2I' — dI

Clifford-Hermite operators:

HI=(D+Q)D—-Q)=—-A+|xP+T —dl =Hy+ (T —(d/2)])
H; =(D-Q)D+Q)=-A+ x> —T+d =Hy— (T (d/2)I)



Quaternionic Fourier transform for colour images

Quaternionic FT's: (Ell, Sangwine,...)

f —27re1u1xle—27rezup<2 dx
2

Fif(u

%\%\

Fof (u

e—27re1u1x1f ) —2T e Ur X dx
2



Quaternionic Fourier transform for colour images

Quaternionic FT's: (Ell, Sangwine,...)
flf(u) _ / f(X)e—27re1u1xle—27reZUQX2 dx
RZ
Faf(u) = [ e 2memnp(x)e 2o gy
Rz

@ no convolution theorem

@ lacking covariances



Fractional Clifford-Fourier transform (frCFT)

Classical fractional Fourier transform (frFT)

Ff) = ery) = [ Kly0fdx (teR)

with F7 o = F and

—jeftcsct . )
Ke(x,y) =/ — exp(—i(csc t)xy + i(cot t)(|x[* + |y|*)/2).
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Fractional Clifford-Fourier transform (frCFT)

Classical fractional Fourier transform (frFT)

Ff) = ery) = [ Kly0fdx (teR)

with F7 o = F and

—jeftcsct . )
Ke(x,y) =/ — exp(—i(csc t)xy + i(cot t)(|x[* + |y|*)/2).

(CFT): [Brackx, De Schepper, Sommen: JFAA 2005]

FE = exp(—i(n/2)HE)

More generally: Fi~ = exp(—itH3) (frCFT)



Fractional Clifford-Fourier transform

frCFT kernel:

Fi = exp(—it(Hq £ (T — d/2))
= exp(Fit(l — d/2)) exp(—itHq)
= exp(Fit(l — d/2))F;.

CE(x,y) = exp(£itd /2) exp(Fitl ) ) Ke(x, y)




Fractional Clifford-Fourier transform

frCFT kernel:

Fi = exp(—it(Hq £ (T — d/2))
= exp(Fit(l — d/2)) exp(—itHq)
= exp(Fit(l — d/2))F;.

CE(x,y) = exp(£itd /2) exp(Fitl ) ) Ke(x, y)

Note: Termsin = —3;_, ;-4 €eL; not not commute.




Initial value problems

Theorem (Craddock, H. (JFAA 2013))

f is scalar-valued then exp(itl')f(x) = u(x, t) + Tw(x, t) with u, w
scalar-valued satisfying the initial value problems

Pu ou 5 d
ﬁ—l—l(d—2)g—\x| Atu (xeRY t>0)
u(x,0) = f(x) (x € RY)

ou

el — RY
Jt|._ 0 (xeRY



Mean-value solutions

Theorem (Gonzalez, Zhang (Contemp. Math. 2006))

d even:

(d—4)/2
u(x,t) =cq [jt < - d(d> ((sin t)93Mtf(x))

cos t)
d odd:
e [(= @ )20 5)d-3 M5 (x
u(x,t) = cdi 1 d(coss)) (sin <) C] sinsds

dt Jo \/coss — cos t



Mean-value solutions

Theorem (Gonzalez, Zhang (Contemp. Math. 2006))

d even:

(d—4)/2
u(x,t) =cq [jt < - d(d> ((sin t)93Mtf(x))

cos t)
d odd:
d-3)/2, . 3ays
d 1= as) P sins) M ()]
u(x,t) = cg— sinsds
dt Jo \/coss — cos t
d=3:

d [t M°sf
u(x,t) = c/ ¢sinsds
dt Jo +/coss — cost




d = 2: frCFT kernel

When d = 2, the IVP simplifies:

d%u  O%u . 5
92 = 90 (x = (rcosf,rsinf) € R°, t > 0)
u(x,0) = f(x) (x € R?)

ut‘t:O =0 (X S R2)

F(O+t)+ (0 —t)

has d'Alembert solution: u = 5




d = 2: frCFT kernel

When d = 2, the IVP simplifies:

d%u  O%u . 5
92 = 90 (x = (rcosf,rsinf) € R°, t > 0)
u(x,0) = f(x) (x € R?)

ut‘t:O =0 (X€R2)

F(O+t)+ (0 —t)
2

has d'Alembert solution: u =

Ct(2)(X7y) = ie(iﬂ) cot t\x_y|26_x/\y

2mwsin t

F+f(y) = / eyAXf(X) dx = / eele2(X2)’1—X1}/2)f(X) dx
R2 R2

See also: Brackx, De Schepper, Sommen: J Math Imag Vis (2006)



d > 2: Separation of variables

0= u(x.y.t) = u(z,w,t) with 2 = [x||y|, w = (x,y)/z.

f(x) = F((x,y)) = FIx]lylw).

(g +d— 2)ei£t + Eei(Z—d—Z)t
20+d-2

u =
L

oo
=0

% ( / ' F(s)P(s)(1 — s?)(d=3)/2 ds) N(d, 0)P¢ (w)

-1



d = 4: solution of the IVP

d’'Alembert-like solution:
z = |x|ly|, f(x) = F((x,y)) = F(zcos®)

u=u(z0,t)
—it

e
- 2sinf

{sin(@ + t)F(zcos(0 + t)) +sin(d — t)F(zcos(f — t))

cos(0—t)
+i / F(zs) ds]

os(0+t)



d = 4: frCFT kernel

Theorem (Craddock, H. (JFAA 2013))
Ct(4)(x,y) =u+v,u€Ny, veN and

e3/t

U= ———
472sin t

e(i/2) cot t|x—y|? |:C0t t cos ’X A y!

(x,¥)
Ix Ay

i A
L sin |x y]]

sin|x A y|+i
| XAyl



Method of ascent

Theorem (Craddock, H. (JFAA 2013))
Let d > 2, g € C}[—1,1] and G an antiderivative of g, then

e "t ous(G) d e tou(G)

ucel'+2(g) = - aw U3+2(g) = d —2 aw
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Unexpected connections

ARN) —

0 2N 0 0

d—1 2—-d 2N-1 0
0 2 0 2N -2
0 0

d+1 2-d

2—d
2N




Unexpected connections

0 2N 0 0
d—1 2—d 2N—-1 0
0 2 0 2N-2
Jem_| 0 0 d+l 2-d
2-d 1
2N 0

Alm) associated with the recurrence relations for the dual —1 Hahn
polynomials. Eigenvectors are values of these polynomials

@ Orthogonality relations used to compute the exponentials

@ Generating functions to compute the resulting sums in closed
form



Properties of the CFT

o Eigenfunction property: DXCj(x,y) =C,(x,y)y

o Mapping properties: F*: L1 - [®° S S, 12— |2
o Plancherel: [p, f(x)g(x)dx = (f,g) = (Ff,F}g)

o Inversion: (F;)* =1

°

Covariances:

Fim = e"NFES, Fi(&€MNF) = mpFy; pFS =Fipt
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Properties of the CFT

o Eigenfunction property: DXCj(X,y) =C,(x,y)y

o Mapping properties: F*: L1 - [®° S S, 12— |2
o Plancherel: [p, f(x)g(x)dx = (f,g) = (Fi f,F.fg)

o Inversion: (F;)* =1

°

Covariances:

Fim = e"NFES, Fi(&€MNF) = mpFy; pFS =Fipt

Theorem
Let o € SO(d) and z = z, € Spin(d) such that o(x) = zxz for all
x € Ni. Let S,f(x) = Zf(zxZ)z. Then

FiS, =S, F}

cf. classical FT: FR, = R;1F



d = 2: Quaternionic signal processing

Definition
An parity matrix is one of the form A(¢) = (v
s:RI = Acand v:RY = A, A(E)* = A(€)T.



d = 2: Quaternionic signal processing

Definition
An parity matrix is one of the form A(¢) = (vs((f) V(é))> with
s:RI = Acand v:RY = A, A(E)* = A(€)T.

Given f : RY — Ry, its associated parity matrix is

- ({2 )

where f(x) = fo(x) + fo(x) and fo : R? = A, fo : RY = A,



Convolution theorem (d = 2)

Convolution-filtering: f : R?2 — H, f = Fif

/ey/\x/ (x — t)g(t) dt dx



Convolution theorem (d = 2)

Convolution-filtering: f : R?2 — H, f = Fif

/ey/\x/ (x — t)g(t) dt dx

Theorem (H, Morris (2013))

Frg(y) # F(v)&(y) but [f +g(y)] = FO)IEW)]




Translation-invariance

Theorem (H, Morris (2013))

T : [2(R? H) — L?(R?,H) is bounded, right H-linear and
translation-invariant if and only if there exists a bounded parity
matrix A(§) such that

[TF(€)] = AE©)IF(€)]-



Translation-invariance

Theorem (H, Morris (2013))

T : [2(R? H) — L?(R?,H) is bounded, right H-linear and
translation-invariant if and only if there exists a bounded parity
matrix A(§) such that

[TF(€)] = AE©)IF(€)]-

Theorem (H, Morris (2013))

X C L?(R?,H) is a closed translation-invariant right H-linear
submodule of L>(R? H) if and only if there exists an idempotent
self-adjoint parity matrix A(§) such that [f(§)] = A(§)[f(€)] for all
feX.



Examples:
e E C R? measurable. X
X = Xg = {f € [2(R2, H); }(€) = 0 off E}.

_(xe§) 0 (&) —
ae©)= (5 0g) mO =@



Examples:

e E C R? measurable. X
X = Xe = {f € [2(R2, H); F(€) = 0 off E}.

_ (xe(§) 0 _
ae©)= (5 0g) mO =@

o H2(RY) the Hardy spaces of functions with “monogenic
extensions” to RY.

20 =3 (g 1) m@=3(12 )



The Hilbert multiplier




Continuous wavelet transform

b € L2(R%,Ra), e(x) = t2(x/t), ¥*(x) = ¥(—x).
Wavelet transform: f — Wy f(x,t) = f x ¥}(x)

Calderdn singular integral: Tyf(x) = [;° Wyf(-,t) x the(x )dt



Continuous wavelet transform

b € L2(R%,Ra), e(x) = t2(x/t), ¥*(x) = ¥(—x).
Wavelet transform: f — Wy f(x,t) = f x ¥}(x)

Calderdn singular integral: Tyf(x) = [;° Wyf(-,t) x the(x )dt

Theorem (Morris, H. (2012))

Ty, bounded and invertible if and only if there exist constants
0 < A< B < oo such that

A< [Ceoreeor g < el

for a.e. £.



. . . . . 2 2
Quaternionic scaling functions in L*(R*, H)

{he} € EZ(ZZ’H) then mo(y) = 2%22 2N

Theorem (H, Morris (2012))
{o(x — £)}eze orthonormal in L?(R?,H) if and only if

STl + Ollely + O =1

Le7?
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4
LeZ2



. . . . . 2 2
Quaternionic scaling functions in L*(R*, H)

{he} € 2(Z2,H) then mo(y) = > ren 2N h,

Theorem (H, Morris (2012))
{o(x — £)}eze orthonormal in L?(R?,H) if and only if

Doy +0llely + 01 =1 (1)

Lez?
@ is self-similar if
i#(3) = 3 ete-0h = Nl = pOlm-n] @

4
LeZ2

(1)+(2) = [mo(0)] = I and Y _[mo(y + p)]*Imo(y + p)] = I
peP

(QMF condition) with P = {0, (1/2,0),(0,1/2),(1/2,1/2)}.



Quaternionic wavelets
[¥;(2y)] = [mi(MIg(¥)] (1 <j<3)

[mo(y)] [m1(y)] [m2(y)] [m3(y)]
U(y) = [mo(y + p1)] [maly +p1)] [m2(y + p1)] [m3(y + p1)]
[mo(y +p2)] [mi(y +p2)] [m2y +p2)] [m3(y + p2)]
[mo(y +p3)] [mi(y +p3)] [m2y +p3)] [ma(y + ps3)]



Quaternionic wavelets
[¥;(2y)] = [mi(MIg(¥)] (1 <j<3)

[mo(y)] [m1(y)] [m2(y)] [m3(y)]
U(y) = [mo(y + p1)] [maly +p1)] [m2(y + p1)] [m3(y + p1)]
[mo(y +p2)] [mi(y +p2)] [m2y +p2)] [m3(y + p2)]
[mo(y +p3)] [mi(y +p3)] [m2y +p3)] [ma(y + ps3)]

Theorem (H, Morris (2012))
{24;(2 — k); 1 <j <3, j€Z, k€Z?} on.b. for [2(R? H) if
and only if

U(0) =1 and U(y)U(y)" =1 for a.e. y



Wavelet basis construction

Scalar case, d = 1:

B mo(§) my(¢)
u() = <m0(§ +1/2) mi(E+ 1/2)>

@ <—— Mg

mg a trig poly <= {hy} a finite sequence
<= ¢ compactly supported

Wavelet ¢ $(26) = my(€)$(€). (g, 1) a mother-father wavelet
pair if and only if

e U(§) unitary for all ¢ and
e U(0)=1



Wavelet basis construction

M-1
mg, my trig polys = U(§) = A &2k

k=0

M—1—¢
I=UQUE)" <= > Ay =0
k=0
Samples of U(&): Uy = U(¢/M)
M-1 M-1

. 1 .
Uy = Z AL e2mkM A W Uye—2mitk/M
k=0 ‘

~
I



Wavelet basis construction

Proposition
U(&) unitary for all ¢ if and only if

M—

|_|

M—

._n

DU U = M23yl (0< < M—1)

n=0 j=0

.

0 —271 Tl
where b = e=2riti/M 5~ M 1=t garik(n—j)/M.



Wavelet basis construction

Proposition
U(&) unitary for all ¢ if and only if

M—1M—-1
b WU = M265,1 (0<0<M—1)
n=0 j=0
(0) _ g—2mitj/M 5~M— 1 t g2mik M
where b,/ = M- (n=i)/M.
Equivalently,

(UGS unitary and UV = ViUxk (0< k<M —1)

where

Um
Vi = Z e2mi(k—m)/M _ |

m#k



Reformulation

We want to find three M-tuple of matrices
U= (U, Us,...,Uy-1)
V= (V07 Vl?"'a VM—l)
W = (W07 W17 R WM—l)

such that
(i) each U, is unitary;

1
(i) Vo = Sz 2 Uni (am - 1_ezm/m>

)V
(i) W, = VU,
(iv) each W, is self-adjoint



Minimization

F(U,V,W) = 2ZHV—%}W Un1® + 2ZHW Vs Unl?
m=z*n

Then compute

min F(U,V, W)
u,v,w

subject to the constraints
(i) Up unitary;
(i) W, self-adjoint



Other constraints

Consistency:

e+ 172) = (6 B mER YA e )

mo (&) my(§)
e 3= (2 1)

Equivalently,

Upsmpp = U (0< €< M/2-1)




Other constraints

Consistency:

UG +1/2) = (’”"(f +1/2) m(E+ 1/ 2)) ()  (5)

mo (&) my(§)
e 3= (2 1)

Equivalently,
Upmp=JU (0<€<M/2-1)
Regularity: mj(1/2) = mli(1/2) =---=m¥(1/2) =0

) M-1
v =" P,
(=0




Thanks!
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